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Abstract

The time evolution of the mean values of the position and momentum operators for a Schroédinger particle in a one-dimen-
sional box is reviewed. The connection of béihydr)(X) and(d/dt)(P) with local densities and Bohm’s quantum potential is
pointed out. New boundary non-local terms are obtaine2001 Elsevier Science B.V. All rights reserved.

PACS: 03.65.-w; 03.65.Ca

1. Introduction Recently, the Ehrenfest theorem was considered
showing that its usual form is not always valid [3], in
) ) ) _ particular for theX and P operators we generally have
In this Letter we are interested in the time evolu- (d/dt)(X) ;é (l/h)([H, X]) and(d/dt)(P) ;é (l/h) X
tion of the mean values of the position and momen- (g p]). Now, our aim is the connection between
tum operators (Ehrenfest theorem [1]) applied to a par- these results and the probability and current densities,
ticle in a one-dimensional box. Different approaches a5 well as with Bohm’s quantum potential [4]. In
have been introduced [2]; however, some important as- the |ast years, Bohm’s quantum poteniizihas been
pects were not properly considered. The point is that -ynsidered by many authors with various purposes,
for any quantum mechanical expression like, for ex- gome of them are mentioned in Refs. [5,6], however,

ample,(d/dt)(A) = (i/h)([H, A]), inthe Schrodinger 5 far as we know, the relation between the Ehrenfest
picture, we are giving for granted that the involved op- theorem andQ for a Schradinger particle in a one-

erators have well defined domains. For a particle in a gimensjonal box was not considered in the literature.
box X is a bounded operator, bd#f and P are un-

bounded, thus, we must pay attention to the domains

of the involved operators. 2. Timeevolution of the mean value of an operator

In this section some general features of the time
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U=V (x,t)is

d 2

) = = Im(H Y, AW), 1)

where¥ € Dom(A)NDom(H)NRanH) = D, for all
t (HY =Ran(H) is the range o) [3]. In particular,
when¥ € D N Ran(A), we obtain

d i
M= @)

So, for the position and momentum operators we

(A) = —([H, Al).

can write

d i 1
E(X> = E<[H’ X])= Z(P%
d i

where bothX¥ and P¥ belong to DongH). These
two equations constitute the usual Ehrenfest theorem.
It is important to note that Eq. (2) cannot be obtained
just by taking the mean value of the analogous
evolution equation in the Heisenberg picture, unless
the domain problems be considered. On the other
hand, if bothX¥ and P¥ do not belong to DortH),

the time derivative of the mean value of the position
and momentum operators must be written as

d(x>— 2Im(HW Xw)
i’ R ’ ’
d

2
E(P) =— Im(HY, P¥), (4)

which do not require the existence of the commuta-
tors [3].

3. Operatorsfor aparticlein abox

In this section we present the position, momen-
tum and Hamiltonian operators for a particle in a
one-dimensional box in the interv& = [0, L]. The
Hilbert space of the system, on which all these oper-
ators are defined, i = L2(£2), with scalar product
denoted by(¥n, ¥,) = fOL YW dx, where? is the
complex conjugate o&. The position is a bounded
and multiplicative operator and its domain is the whole

space. The momentum is an unbounded derivative op-

erator and its domain is [3,7]
Dom(P) = {¥ |¥ € H, ac.in 2, P¥ €H,

¥ fulfills (L) =¥ (0), Vt},  (5)
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where hereafter a.c. means absolutely continuous func-
tions. As is well known, there exists a one-parameter
family of boundary conditions for whictP is self-
adjoint [8], nevertheless, we select only the periodic
boundary condition® (L, r) = ¥ (0, 1), since for this,
the operatorP transforms as a vector and the par-
ity symmetry operation of the Hamiltonian operator
(P - P)/2m is not spontaneously broken [7].

The Hamiltonian operator is defined by

2 72

2m 9x2
H is also unbounded and the most general domain, for

which it is self-adjoint, can be written in terms of only
one family of boundary conditions [3]

HlI/(x,t)z( + V(x))llf(x,t). (6)

Dom(H) = {ll/ | ¥ eH, ¥ and¥’ ac.in £,

HW e H, W fulfills
w(L) —irw'(L)
W (0) +irw’(0)

U (L) +i /(L)
¥ (0) —iad’(0)

ut=ut, vt 7
The primes hereafter mean differentiation with respect
to x, the parameten is inserted for dimensional
reasons and the symbel denotes the adjoint of a
vector or a matrix. The unitary matriX may be writ-

ten as

el sing

—e'te™iT cosp

e’ cosd
U= i i

e'*e™'Y sind
with0< 6 <m,0< u, 7, ¥y < 2. The potentiaV (x)
inside the box is bounded from below. We see that
there is a four-parameter family of boundary condi-
tions, each of which leads, for a fixed set of parameters

0, u, T, vy, to a unitary time evolution. It can be shown
that for every wavefunctiow € Dom(H), the current

density

= D) —h
=j(x,t) = —
= 2im

v v
— W —
0x 0x >
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satisfies at the walls of the box1(0,¢) = j(L,¢). In

order to classify physically the boundary conditions it

is convenient to split (7) into three subfamilies:
Family 1.

¥ (L) fa b ¥ (0)
=e' . (8)

A/ (L) c d AP’ (0)
Family 2.
(0 . d —b w(L

(O] g (L) O
() —c a A (L)

where

a b B 1
c d " sing

COSu + COSt COsH sinp — sint cosd

—sinpg —sint cosY  cosu — CoSt cosH

(10)

These two families can be considered as a single

subfamily of boundary conditions, for all In fact, for
each one of them we have ¢z 0. Note thatthe 2 2

matrices in (8) and (9) are real and their parameters

take only finite values. Moreoverd — bc = 1.
Family 3.

u+r

W(L)=— ctn( >w’(L),

w—t

Y (0) = —tan( >w’(0). (11)

Note that in these cases 6in= 0 = 6 = 0. More-
over, since < u, t < 27, then ctif(x + 7)/2) and
tan((u — 1)/2) belong tof with +oco. These fami-
lies of boundary conditions (family 4 2 and fam-

ist very localized interactions, for example, between a
particle and an impurity or a local defect in a solid.
For those cases, two half-lines connected by a transi-
tion point (x = 0) can be regarded as a simple model
of pointinteractions. The case consisting of three half-
lines whose ends are connected also has been consid-
ered in the literature (see Exner and Seba [10]). Actu-
ally, quantum mechanics on networks (or graphs) of
one-dimensional wires connected at nodes has been
extensively studied [10]. In all these cases the Hilbert
space for the whole system is taken to be the direct
sumH = @"_, H; = @!_, L2([0, 00)). For a positive
half-line ([0, c0)) the respective Hamiltonian exten-
sions are obtained using only one of Egs. (11) making
L — 0+ = 0. In this case, as is well known,= 0 is
always an impenetrable barrier. It is worth pointing out
that the wires between two nodes may be described us-
ing some of the boundary conditions of a “particle in
a box”.

Finally, we can say that the three families of bound-
ary conditions described above represent, for,adls
well as the general boundary condition included in (7),
the whole family of boundary conditions for which the
Schrddinger Hamiltonian operator for a particle in a
box is self-adjoint. It is worth pointing out that for the
boundary conditions included in the first and second
family, sind # 0, so, the current density = j(x, 1)
satisfiesj (0, ¢) = j (L, t) #0. Thisis a necessary con-
dition in order to have a “free” particle in a box, i.e., in
a box, but not confined to the box, which permits us to
say that the walls are transparent to the current. For the
boundary conditions of the third family, sin= 0, so,
the current density satisfigs0, 1) = j(L,t) = 0. This
is a necessary condition in order to have a confined
particle in a box [3]. Thus, there exist several bound-
ary conditions for the momentum and Hamiltonian op-
erator in a box, however, the problem of choosing the
appropriate boundary condition is certainly related to

ily 3) are similar to those studied by Kurasov, Al-
beverio et al. [9] for a free particle on a line with a
hole (a point interaction). For this system, which is
characterized in terms of boundary conditions for a
Schrédinger Hamiltonian perturbed at one point, we
have a similar story. In fact, we can imagine bringing
the extremities of the interva® = [0, L] close to each
other, making it looks like a circle with a hole, so our In this section we study the time evolution of the
results are also applied to this system (in this case it is mean value of the operatoi and P in the box. Let
enough to replace 8> 0— and L — 0+). There ex- us first consider the polar form of the wavefunctign

the physics of the problem under discussion.

4. Time evolution of mean valuesand Bohm's
quantum potential
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(Madelung—de Broglie’s substitution) [4,11]: # 0. In particular, for a “free” particle, i.e., with pe-

_ riodic boundary condition, one has
W(x,1) = ReS/M, (12)

d :
whereR = R(x, t) andS = S(x, t) are real functions. E<X) =—Lj©0,1) +{v).
Inserting (12) in the Schrddinger equation, the follow-

) ) : For a confined particle, that is, for all boundary condi-
ing equations are obtained:

tions included in family 3,

S 1 (052 d
— 4+ — = V=0, 13 —(X) =
8t+2m<3x) TO+ (13) dt<X> ()
9, 5 190 208\ becausg (0,¢1) = j(L,t) =0.
E(R )+ Za(R a) =0, (14) Analogously,
i ! i d 2
whereQ is Bohm’s quantum potential EUD) == Im(HW, PW)
0= h? 192R (15)
T 2m R 9x?’

L
d a5 d a5
=/[—(R2)— _ —(Rz)—] dx.  (18)
Egs. (13) and (14) are equivalent to the Schrédinger , ot dx  dx ot
equation. As is well known, Eq. (14) is just the con-

tinuity equation. Indeed, the probability and current Using again Egs. (13) and (14), we have

densities are respectively given by d (M L gy
) —(P)=|—-R*(=v*-V -0 —(—
@ (x,1)|" = R? dt o \dx
a
and — <—Q> (19)
ax
j, )= 1Rzg—s = R%, When a bounded potential is present inside the box,
m X

which satisfiesV (0) = V (L), it can be shown that

wherev is the Bohmian velocity or “velocity field”.  the boundary term in (19) vanishes. In fact, since

In the classical limit § — 0), the functionS(x, ) ¥ (x,t) € Dom(P), thenR(0,t) = R(L, 1), S(0,1) =

becomes the action of the classical Hamilton-Jacobi §(1. 1) + 27zn, n = 0,41, +2,.... Moreover, if

equation. Because of its close resemblance with this v (0) = v (L) and H¥ (x, r) € Dom(P), then

equation, Eq. (13) is called the quantum Hamilton— ) )

Jacobi equation. (ﬂ)m = (ﬂ)w ) (20)
For a particle in a box, let us insert intd /d1) (X) ax2 ) ax2 )

in (4) the polar form of the wavefunction, then, Likewise, ¥ (x,1) € Dom(H) = j(0,7) = j(L,1),

then(dS/dx)(0,1) = (8S/dx)(L, t), becausaR2(0, 1)

L
d 2 d, = R2(L,1). Finally, substituting? (x, t) = Re'S/" in
E(}Q TR Im(H Y, X¥) = / E(R Jxdx. (16) (20) and using all these conditions, we obtain
0
L
Using Eq. (14), one obtains [—R2<%v2 -V - Q)i| -0 (21)
0
d .
E(X> = (—szv)|é + (v). (17) with
2
The boundary term can also be written as V2 = i §
. m2\ 9x
(—R?xv)|g =—Lj (0,0, and
For all boundary conditions included in family-A2, 5 A2 92R
this term does not vanish becaug€, ) = j(L, 1) R°Q= “om ax2
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So, Eq. (19) can always be written as

d dv 0
n{2)-(2)
X 0x

dt

It is worth pointing out that the one-dimensional
Schrddinger particle does not have spin, however,
there is still content for the Bohm’s quantum potential,
in contrast with what is claimed in [6] where the exis-
tence ofQ was strictly related to the spin of the parti-
cle.

Then, for a free particle in a box (i.6/,(x) = 0) the
time evolutions of the mean values of the operafors
and P can be obtained from the equations

(22)

d X)=—-Lj©O,t

E( >__ ](1)+<U)1

d . ]30

G =-(52) @3)

In summary, the right-hand sides of the time evo-
lutions of (X) and(P) can be physically understood
as mean values of velocities or forces. In this way, we

have recovered the true sense of the original Ehrenfest(x v, )(x) ¢ Dom(H),

theorem.

As follows, by considering two examples of wave-
functions¥ (x, t) which are simple linear combina-
tions of stationary states for their respective simple
boundary conditions (with the restrictions obtained in
Section 2), relations (24) are verified.

5. Two examples

Among the boundary conditions satisfyin¢p, ¢) =
j(L,t) # 0, we have the periodic condition (this
boundary condition is obtained makifig= /2, u =
y =0, 7 in the matrixU in domain (7))

w(0) =w(L)#£0, W' (0)=w'(L)#£0.

In this case the particle in a box is “free” (i.e., at the
box, but not confined to the box) if the domain of
the Hamiltonian operator consists of functions sat-
isfying these boundary conditions. The Hamiltonian
(P - P)/2m is the kinetic energy, being this operator
a function of the momentum operator in a box [3].
Since the wavefunctiong (x, r) may be expanded

in terms of the Hamiltonian eigenfunctiows (x),

= ejuj@e EI,

J
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we write here the corresponding eigenfunctions and
eigenvalues:

1 .
(x) = et(Zn:rr/L)x7
wn ﬁ
h2 (2nm\?
En=2—<$>, n=0,+1,42, ...,
m
where

Y, (x) € Dom(X) NDom(H),
(Hyn)(x) € Dom(X), Vn,
Y, (x) € Dom(P) "nDom(H),

(Hy,)(x) e Dom(P), Vn,
and
(Py,)(x) e DOm(H), Vn#0,
but

vn.

(Note that the ground-state eigenfunctigi(x) =

1/+/L does not verify the periodic condition imposed

upon the derivative, in factyg)’(0) = (o)’ (L) = 0.

In this case the probability current is null at the box.)
Without loss of generality, let us choose a linear

combination of the eigenfunctions andv,

1
U(x,t)=—

/2

Now it is important to note that

[,(/j_l(x)e—i(El/h)t + I/IZ(X)E_i(EZ/h)t].
ov ov
ax2
(H¥)(x,t) e Dom(P),
= (X¥)(x,t) ¢ Dom(H),

v(0,1)=¥(L,t)#0,

= WY(x,t) e Dom(P)NDom(H),

2 2
(awyan=(3%yho¢o

0x

=
0= x¥)(0,t) # (xW¥)(L,t)#0

ov ov
= (P¥)(x,t) e Dom(H),
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then, for the position operator,
d 2 .
E(}Q =-7 IM(HWY, X¥)=—Lj(0,1) + (v)
3rh 1
= ——— coqwz1t) # —(P),
mL m
where
_Ex—E _ 6hm?
Lj©.0= 3rh  3mh cos(wpar)
/ mL mL @21
and
1 3rh
()= (P)=——.
m mL

Similarly, for the momentum operator,

d 2
T(P) = —=IM(HW, P¥) = —([H Pl)

dt
_<Q>=Q
0x

so, the quantum force vanishes. It is worth mentioning
that this result is independent of the particular linear
combination chose fo¥ (x, t), provided it verifies the
periodic boundary condition.

Among the boundary conditions satisfyin¢0, ) =
j(L,t) =0, we choose the Dirichlet boundary con-
dition (this boundary condition is obtained making
0=0,{n=r1}=mn/2,37/2 in the matrixU in do-
main (7))

w(0)=¥(L)=

In this case the particle is confined to the box. The
Hamiltonian operator with this boundary condition is
(1/2m)P?, but P2 is not defined asP - P [3,12].

We write here the corresponding eigenfunctions and

eigenvalues:
YN (x) \/Zsin Nz
X) =,/ — —Xx ),

N L L

h2 [Nz \?
En=—\|—]), N=123,...,
N 2m< L )
where

Y (x) e Dom(X) N Dom(H),
(Hyn)(x) e Dom(X), VN,
Y (x) e Dom(P) N Dom(H),
(Hynv)(x) e Dom(P), VN,
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and
(Xyn)(x) e Dom(H), VN,
but
(Pyn)(x) ¢ DOm(H), VN.

Letus also choose a linear combination of the eigen-
functionsy; and 2 corresponding to this boundary
condition,

Y(x,t)= % |:1//1(x)e_i(El/h)t + 1‘hz(x)e—i(Ez/h)t].

Now we see that

v O,t)=w(L,t)=0
= WY(x,t) e Dom(P)NDom(H),

92y 92y
< )(0 )-( )(Lt)—

= (HY)(x,t) e Dom(P),
x¥)(0,1) = xP)(L,t)=0
= (X¥)(x,r) e Dom(H),

07'5( )(ons( )(Lr)#o

= (PY¥)(x,t) ¢ Dom(H),

then,

d 2
TX) =2 Im(H W, XlP)——([H X]) = (v)

= 1( )= o sin(w211)
~ 3mL @210
where
_ Ex—E1_ 3nn?
CA= T T o
Analogously,
d 2 90
—(P)=—=ImM(HY, P¥Y) =—(—
dt h ax

8E;
A coSwy1t),

so, for this boundary condition the quantum force does
not vanish, in spite o¥ = 0!
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6. Conclusions was recovered:

d a
The time evolution of the mean values of the posi- EUD) = —<a—§>
tion and momentum operators for a Schrodinger parti- _ _ _ _
cle in a one-dimensional box has been reviewed. Some Ve have examined this problem without having re-
restrictions on the circumstances in which these time COUrse to the heuristic procedure of taking limits of a
evolutions hold as they are usually written in the lit- finite potential at the walls of the box, which yields
erature have been found. In general, for any obsery- Only the Dirichlet boundary condition. Actually, our
ableA (being bothH andA self-adjoint operators)the ~ Procedure can be applied to any of the infinite bound-
relation (d/d1)(A) = (i/h)([H, A]) is only verified  &ry conditions.
when A¥ € Dom(H). Otherwise, ifA¥ ¢ Dom(H) Obviously, we may conclude that a bounded clas-
we must write(d /dt)(A) = —(2/h) Im(HW, A¥). sically free motion (withV (x) = 0) is not in general
We have studied the connection between the time duantum mechanically free [13]. In fact, even distant
derivatives(d /dt)(X) and(d/dt)(P) with the proba- fgatures of the b_oundary can profoundly affect the par-
bility and current densities and Bohm’s quantum po- ficle movementin a non-local way through the gradi-
tential for a particle in a one-dimensional box. A new €nts of the wavefunction at the boundary.
boundary non-local term fdil /dt) (X ) was obtained:

d (X):—%Im(H!I/, XW)=—Lj0.1)+(v), (24)  Acknowledgements

dt
where¥ € Dom(X) N Dom(H) and H¥ € Dom(X). Two Of_ us (V.A. and SDV) WOU|d like _tO thank Dr.
By calculating(d /d1)(P), a term which depends on L. Mondino for helpful discussions. _Thls work was
the gradient o0, was identified: supported by CDCH-UCV under project No. PG 03-
11-4318-1999.
d 2 dv d
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