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Abstract

An alternative approach to the general problem of factorization of the Schrédinger Hamiltonian operator, in the framework
of supersymmetric quantum mechanics (SUSY QM), is presented. We express the factorization of the partner Hamiltonians
H, < H> in terms of the probability density and current for the ground state eigenfunctiéip. athis directly implies that the
involved operators in the factorization be complex. However, bélng real operator (self-adjoint) its partn8p is in general
a complex operator. For a vanishing probability current, we recover the results of the standard SUSY QM. We consider the
model problem of a free particle in a one-dimensional box with a non-standard PT-symmetric boundary condition from which
a complex PT-symmetric partner Hamiltonian with real spectrum is obtain@602 Published by Elsevier Science B.V.

PACS 03.65; 11.30.P
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1. Introduction tion method provided a motivation for studying super-
symmetric quantum mechanics (SUSY QM) [5]. In-
deed, the techniques of supersymmetry are essentially
equivalent to the factorization method of the Hamil-
tonian [6,7]. Several aspects have been studied within
SUSY QM [8-19] and general articles and reviews on
SUSY QM have been written [20—22] (see also the ref-
erences therein). Likewise, various authors have stud-
ied several extensions of simple and familiar potentials
[23—25], although the supersymmetric version of the
standard model problem of a non-relativistic particle
in an infinite square well (one-dimensional box), has
—~ . been marginally studied [6,9,13,17,22]. In fact, only
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One of the methods used for finding new ex-
actly solvable potentials is the so-called factorization
method, introduced by Schrédinger [1] and later ex-
tended by Infeld and Hull [2]. This method is par-
ticularly useful to discover different potentials with
equivalent energy spectra in one-dimensional quan-
tum mechanics, being this method a special case of
an old one developed by Darboux [3,4]. The factoriza-

0375-9601/02/$ — see front mattér 2002 Published by Elsevier Science B.V.
PIl: S0375-9601(02)00477-2


http://www.elsevier.com/locate/pla

S De Vincenzo, V. Alonso / Physics Letters A 298 (2002) 98-104

In this Letter we present an alternative general ap-
proach to the problem of factorization of a real (self-
adjoint) partner Hamiltonian operatéf;. The eigen-
functions of this operator are supposed to be com-
plex. The differential operataH is written in terms
of the probability density and current for its ground-
state eigenfunction. This implies that the involved op-
erators in the factorization be also complex. Finally, in
spite of beingH1 a real operator, its partnéf, might
be complex because its associated potentgk) is

in general complex. Certainly, the standard approach

of SUSY QM does not consider complex potentials,
although various attempts in this direction have been
made already [26,27], some of them in the context of
the so-called PT-symmetric quantum mechanics [28].
Our results provide a new physical approach, with
local observable quantities, to the general SUSY com-
plexification procedure (recently studied by Andri-
anov et al. [26] and Bagchi, Mallik et al. [28]) with
Im V1(x) = 0 andV2(x) complex. For a free particle in
a one-dimensional box whe#é (x) = const, depend-
ing on the particular boundary condition, there exist
real as well as complex eigenfunctions, being our ap-
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For a particle in a one-dimensional ba2 =
[0, L] and additionallyy P (x) must satisfy one of the
following boundary conditions [29—-31]

(w(l)(L) _ ik(l/f(l))/(L)>
YD) +ir(y D) (0)
v DL + ik(¢(1))/(L))
The primes mean differentiation with respectxto

=U ,

< YD) —ir(y D) ()
The parametek is inserted for dimensional reasons
and the matriXU belongs taJ (2). The potential inside
the box Vi(x) is real and bounded from below. The
unitary matrixU may be written as

(2)

_( e'*el" cosd e'tel? sing
T \ete 7’ sing  —e'te T cosl |’
with 0< 6 <m, 0< u, 1,y < 27. It can be shown

that for every wavefunctiony(x) € D(H1), the
current density

3)

@

dx

. 1geh \ finaiD Oy — (L Dy _ (1
proach especially useful in this last case. We examine Satisfiesj ¥ (0) = j(L). Whenj®(0) = j (L) #

a non-standard example of boundary condition for this
system. However, it is worth noting that our princi-

0, we have a “free” particle in a box, i.e., in the box, but
not confined at all to the box. [f(0) = j V(L) =0,

pal results can also be applied to any one-dimensional We have a confined particle in a box [32,33].

self-adjoint Schrédinger HamiltoniaH; with com-
plex eigenfunctions.

2. Factorization method

In this section we present our approach to the
problem of factorization of a real (self-adjoint) partner
Hamiltonian operator, sakf1. Let us defineH1 on the
Hilbert spaceH of square integrable functions on a
configuration space

2 g2

- 2mdx2

(HiyD)(x) = <

This operator is unbounded and its doma&inH;) is
the set of functionsy P (x) for which v (x) € H
and (HiyM)(x) € H, ie., [[vP] < o and

| Hiy D | < oo, with the usual definition of the norm
(alsoy P (x) and its derivative are absolutely contin-
uous functions).

+ vl(x))vf(”(x). 1)

We assuméi; has eigenvalueﬁ,ﬁl) and eigenfunc-
tionsw,ﬁl) (x)withn=0,1, 2, ..., which are explicitly
known. The ground-state eigenfunctiorm'él) (x)and
its corresponding energy &5 = 0, consequently
from Eqg. (1) we write

2 2
(Hiy§") (x) = (‘Eﬁ + v1<x)) wP () =0,
(4)
then
2 D ”
Vi) = 1~ Wo () (5)

Cam gDy

This potential must be real if one wants to main-
tain the self-adjointness aoff;, however, the eigen-
function 1,0(()1) (x) is not always real, for example, the
ground-state eigenfunctions associated to periodic and
antiperiodic boundary conditions are complex [32,34].
On the other hand, for a free particle in a box, confined
or not, the potentiaVy1(x) is a constant.
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Let us consider the polar form of the complex calculated fon//(gl)(x) [30,36]:

eigenfunction//él) (x)

S
¥ () = Ro exp(z?"), (6)

whereRg = Ro(x) andSg = Sp(x) are real functions.
The probability densityy" (x)[? and the probability
current

dx
for the ground-state eigenfunction are given by

D
iP ) = % |m<¢(§”* 1Wo )),

1
'@ =R g =—R3S0).  (7)

Let us insert into Eq. (5) the polar form ¢f” (x),
then the real and imaginary parts¥f(x) are

K2 T (Rp)” 1
Re[Vl(x)]Z%I:(;o) —;((Sw’)z}, ®)
and

K2 2 (Ro) 1
Im[Va(x)] = %[E ( R(;) (S0) + g(soy’}

o1 o

= %R—S[RS(SO) 1. 9)

using one of the relations (7) we obtain

_ G )Y

= 1
2 RZ(x) (10)

Im[V1(x)]

As is well-known [35], if " (x) satisfies the

Schrddinger eigenvalue equation with a real potential bes

Vi(x), then the probability curreny(x) is constant

Jj§ () = jo=const (11)
therefore
Im[V1(x)] =0. (12)

Then, V1(x) is real, consistently with the selfadjoint-
ness ofH;

h2 R0 -2
i = - R0 m Jo
2m  Ro(x) 2 R5(x)
More interestingly, physically the potenti&t (x)
depends on the Bohm’s quantum potent@h =

2 dZR . . .
—%Rio =2 and Bohmian velocityo(x) = jo/ R§(x)

(13)

Vi(x) = — Qo(x) — %vém. (14)

This equation takes also the suggestive ft%nﬁ(x) +
Vi(x) + Qo(x) =0, sinceEc()l) = 0 (indeed, this result

is provided by the quantum Hamilton—-Jacobi equation,
e.g., see Eg. (3) in [32]). So, given the probability
current and density corresponding to the ground-state
eigenfunction, we may know the potential, up to a
constant. Clearly, for a confined particle in a box
jo=0, soVi(x) is just Bohm’s quantum potential

Vi(x) = —Qo(x). (15)

The HamiltonianH1 defined in Eq. (1) is subse-
quently given by

n? [ d?>  (Ro)"(x)
[@H] — (=
(Hll// )(x) T 2m ( dx? Ro(x)
m?j§ 1

) D), (16
2 Ré(x)>¢ (x), (16)

which can be factorized as

(Hlllf(l)) (x) = benyaw v (x), (17)

where we have defined the following linear differential
operators

o h (i_(Ro)’(X)iiM_jo 1 )

®= om\dx ~ Ro(x) h RZ(x))

=L<_1_Miim_j0 1 )

~ V2m\ dx  Ro(x) h R3(x))
(18)

So, we have two possible factorizations fé1: H1 =
baq) = bya. If the typical casejo = 0 is
considered, one hag) = a-) andb) = b.

A new pair of partner Hamiltoniang/, can be
constructed, that is

(Hoy @) (x) = agoyby @ (x), (19)

wherey @ (x) denote the complex eigenfunctions of
eachH». We can write

2 d2
2m dx?

(Hoy @) (x) = (— + v2<x>)1/f<2>(x), (20)
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where the pair of complex potentials(x) are

_ h? (R)"() K% ((R0))?(x)
(Vz)(i)(x)———zm Ro(x) . Rg(x)
-2 1
m j& . . (Ro)(x)
- . 21
2 ’ew R - Y

Clearly, (V2)+)(x) are complex potentials whefg #
0 and (Ro)'(x) # 0, that is, for a non-confined par-
ticle in a box with a non-trivial complex ground-
state eigenfunction. Consequently, bei#fy non-
Hermitian is obviously a non-self-adjoint operator. On
the other hand, wherjp # 0 (and, for example, on
the real line2 = R), one does not expect that the
set of statesy @ (x) always satisfy||y?| < co and
I Hay @ | < oo.

The potentialsVy(x) and (V2)«)(x) may also be
written as

\/%(w(i))/(x),

V() = wiy, () —

h /
(V2) () () = wly, (x) + o W) @), (22)
where
h (Ro)'(x) , .mjo 1
= - :l: N ) 23
we () /_2m< RoC) ' h Rg(x)) 23)

is a pair of “superpotentials”. Note thaf (x) does
not depend on the chosen superpotential,{ or
w(—y). Moreover, whenjg = 0 one has the standard
casew+)(x) = w(x). Clearly, the Eq. (22) are Ricatti
type equations. It is worth noting that given the
superpotentialsv ) (x), the functionRo(x) may be
indistinctly obtained from the real and imaginary parts
of w()(x), in which case we obtain the expression

c exp(@ /X 2 Rew() () di)

:i@lmw(i)(x), (24)
mjo

where C is a constant andp # 0. An analogous

relation has been recently mentioned (see Cannata et

al. [28]). Within our approach to the problem, this
relation naturally emerges.
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annihilated by the operatotsy). When jo # 0, the

annihilation ofwél) (x) is automatically ensured by the
relation

a(_)I//él) x)=0,

which follows from (6), (7) and (18). However, from
these same relations we have

(25)

ac ¥ () # 0. (26)

In this Letter we will only consider the operator
Hi = bya) and therefore the lower sign in the
expressions (17)-(20) and (21)—(24). Although, when
jo =0 one hasa) = ay and by = b—y. With
the validity of relation (25), the absence of any zero
energy state in the spectrum &> = a_ )b is
expressed, in general, by the relatign,y @ (x) # 0.

Since H1 = b(—ya—) and Hy = a(_yb_) are inter-
twined by the operatos(—y: Hpa—) = a(-)Hi, the
eigenfunctions ofH2, as well as their energy eigen-
values, are obtained from those 8f by using

VP =ayy D ),

E?P=EY = n=012...,

n+1’ (27)

The SOlUtiOﬂSl(_)I//,(,l) (x) belong to the domain of the

respective partner Hamiltonian operatés with their

respective boundary conditions. Clearly, the boundary

conditions verified by each eigenfunctiqmﬁz) (x),

are not necessarily satisfied by the eigenfunctions
,(,l) (x). Moreover, whernjo = 0 andRg(x) # 0 inside

the box, the operatar_, does not generate a state of

infinite norm because

L
dx RO 0
On the other hand, the (unnormalized) eigenfunc-
tions of Hy = b)a(—) are obtained from those of
Hz = a(-yb(—y, with the same eigenvalue, by using
¥ ) =by? (), withn =0, 1, 2,.
From Hya(—y = a(—yHy one infers thab( y inter-
twines in the other direction sincd1b_y = b(_yH>,
moreover if jo # 0 the formal adjoint ofb—y [37]

lac—y ¥ 12 oc (w + (Hi)y.

In the case of standard and unbroken one-dimen- does not coincide wit—), in facts” | = a(), nev-

sional SUSY QM the ground state of the Hamiltonian
Hi=bwaw: \”o (x) which is normalizable, is also

ertheless H1b(—y = b(—)Hz is equal toH1(a;_ ))Jr =
(af ))+H2, wherea " represents the formal complex
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conjugate ofa_). Note that this last relation is ob-
tained fromHza—) = a(—yHy taking its complex con-
jugation and then its formal adjoint (it must be recalled
that H; is real) but, in generalH; is complex.

Finally, it is worth pointing out that ifRg(x) has
a node therw_, has singularities (for a particle in
a box this occurs, for example, whqtqgl)(x) satis-
fies the Neumann boundary conditigir®@)’(0) =
WDy (L) =0, in fact, {” (x) ~ cosgmx/L) has a
node inx = L/2). In this case the operataf_, maps
an eigenfunction/f,ﬁl)(x) belonging toD(H1) out of
the Hilbert space. In this case, as is well-known, the
familiar “degeneracy” between the excited states of
the partner Hamiltoniang/; and Hp, with regular
states, is only partially exhibited, see, for example,
Refs. [17,22].

3. SUSY QM in abox: anon-standard exactly
solvable example

In this section we consider a non-standard example

which illustrates our approach to the factorization
of the self-adjoint partner Hamiltoniaf1 in a box.
In this example we have a complex ground state
eigenfunction withjo # 0 and Ro(x) # const (see
expression (21)), so, a complex partner potertk)
with real spectrum is obtained.

By makingu =y =6 == /2 in (2), the following
boundary condition is obtained

My P) 0 =-i(y )@ #0,
Ay Y (@) =—i(y?) 0 £0.

This is an example of a non-confined boundary con-
dition (which can also be obtained in Carreau et al.
[38] by making in their parametefs=y =1,p=—-1
andé = (s + 3)m, s =0,2,4,..., orin da Luz and
Cheng [39] by imposing3o = 8. =1, p = —1 and
0 =(s+ $)m, s =0,2,4,..., with their correspond-
ing eigenfunctions and energy eigenvalues).

Let V1(x) be the constant potential inside the box

(28)

2.2

Vilx) =V(x) — W,

Vix)=0,0<x < L.

(29)
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The HamiltonianH; is invariant under the com-
posed symmetry transformation PT. That is,

(H1PTy D) (x) = (PT Hiy D) (x),
but

(PTy D)) = (¥ D) (L - x),

must satisfy the boundary condition (29). Making use
of this last relation and also of

, d )
PTY@) @ =—(P) '@ -0

__ 4 oy
yF: (™) @ .
this invariance may be easily shown.
The complex normalized eigenfunctions 8f in
0 < x < L and the corresponding energy eigenvalues
are

1 . .
(l)(x) — etk,,x +oe e—lk,,x ,
n (1+ Crzl)L ( 4 )
@ thZ
En :Vl(n+2)m, Vl=0,1,2,..., (30)
wherec, = % andk, = (n + )7 /L.

The square root of the probability density as well as
the probability current for the ground state are given

by

1 . wh
Ro(x) = NG 1+ o cog2kgx), jo= W'B’
(31)
— — )‘Zkg*l __ 2)\ko
whereko = w/L,a= Wg-‘rl and,B = Azkg+l'

From (21), the real and imaginary parts of
(V2) (o) (x) = Va(x) are

Re[Vz(x)]
72h2
~ 2mL?
[? i (2kox) + 202 — B2 + 20 cOK2kox)]
x [1+ « cog2kox) |2 ’
(32)
2%2 H
Im[Vz(x)] _ _271 /] af sin(2kox) (33)

mL2? [1+ o coq2kox)]?
Here, PT-invariance of the potenti&h(x) means

Va(x) = V5 (L — x), for x € [0, L]. In fact, the po-

tential V2(x) is invariant under the PT-transformation
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(and therefore the corresponding partner Hamiltonian nal Schrddinger particle in a box with different stan-
H> in (20) has this symmetry, as well &#). Note dard and non-standard boundary conditions, will be
that (ReV2)(x) = (ReV2)*(L — x) and(Im Vo) (x) = considered.

—(m V2)*(L — x). Moreover, the real and imaginary

parts ofV>(x) do not have singularities.

The (unnormalized) complex eigenfunctionstf Acknowledgements
are obtained from (27) and (30)
hod The authors would like to thank the Referee for
2 @ i izati
¥ (x) = {E e + w(X)}l//n+1(X) his/her useful remarks about factorization.

dx P+ @ cosZkov)]

d In(2kov) — i
O({ . Lo sin(2kox) ’ﬁ]}wﬁl(x), References

) ] (34) ] [1] E. Schrédinger, Proc. R. Irish Acad. A 46 (1940) 9;
and the corresponding energy eigenvalues are obtained  E. Schrodinger, Proc. R. Irish Acad. A 46 (1940) 183;

from (27). E. Schrodinger, Proc. R. lIrish Acad. A 47 (1941) 53,
It can be checked that the eigenfunctiaf® (x) 2 EhIS’SI('CIZ/f’?lEO?_('BIi Rev. Mod. Phys. 23 (1951) 21
. . ) . Infeld, T.E. Hull, Rev. Mod. Phys. .
of Hy are also eigenfunctions dPT. For exam [3] G. Darboux, C. R. Acad. Sci. (Paris) 94 (1882) 1456,
ple, the first two eigenfunctions verify the relations physics/9908003.
(PTy?)(x) = =P () and(PT ¥?) (x) = v 2 (x) [4] H.C. Rosu, quant-ph/9809056.
(this is indeed so for all higher integer valuesmf [5] E g/'tte”' NBUCIL Phé's- B 128 (12?11) 5(15\;() 146 (1983) 262
Therefore, the PT-symmetry @, is unbroken assur- - Looper, B. Freedman, Ann. Fhys. '
. ' . [6] C.V. Sukumar, J. Phys. A 18 (1985) L57.
ing also the reality of the spectrum [40]. [7] C.V. Sukumar, J. Phys. A 18 (1985) 2917.
[8] A.A. Andrianov, N.V. Borisov, M.V. loffe, Phys. Lett. A 105
(1984) 19.
4. Conclusions [9] A.A. Andrianov, N.V. Borisov, M.V. loffe, Pis'ma Zh. Eksp.

Teor. Fiz. 39 (1984) 78, JETP Lett. 39 (1984) 93 (in English).

. [10] A. Comtet, A. Bandrauk, D. Campbell, Phys. Lett. B 150
We have shown a different general approach to (1985) 159;

the problem of factorization of a real (self-adjoint) R. Dutt, A. Khare, U.P. Sukhatme, Phys. Lett. B 181 (1986)
partner Hamiltonian operatdi1, which is factorized 295.

in terms of the probability density and current for [11] L.E. Gendenshtein, Pis’'ma Zh. Eksp. Teor. Fiz. 38 (1983) 299,
JETP Lett. 38 (1983) 356 (in English).

its ground-state. In spite of beind a real operator, ;5 £ cogper. J.N. Ginocchio, A. Khare, Phys. Rev. D 36 (1987)
its partnerH, is a complex operator (but with a real 2458,

spectrum) because its partner potentiglx) may be [13] R. Dutt, A. Khare, U.P. Sukhatme, Am. J. Phys. 56 (1988) 163.
complex. So, isospectrality between a real potential [14] R. Dutt, A. Gangopadhyaya, A. Khare, A. Pagnamenta,
(Vi(x)) and a complex onek(x)), may be realized. U.P. Sukhatme, Phys. Lett. A 174 (1993) 2854;

. A. Gangopadhyaya, J.V. Mallow, U.P. Sukhatme, Phys. Lett.
We have found an exactly solvable complex potential A 283 (2001) 279, hep-th/0103054.

in a box, which has exactly the same energy levels [15] w. kwong, J.L. Rosner, Prog. Theor. Phys. Suppl. 86 (1986)

thanVi(x) = — foz except for the ground state. So, 366;
a “free particle” may be in a partnership relation with C.V. Sukumar, J. Phys. A 18 (1985) 2937.

icle i I ant noter il [16] A. Khare, Phys. Lett. B 161 (1985) 131.
a parucle in a complex non-constant potential. [17] P.K. Panigrahi, U.P. Sukhatme, Phys. Lett. A 178 (1993) 251.

We believe that our approach, which connects the [1g] v.A. Kostelecky, M.M. Nieto, Phys. Rev. Lett. 53 (1984) 2285.
factorization method with local observables, may be [19] M. Bernstein, L.S. Brown, Phys. Rev. Lett. 52 (1984) 1933.

useful in all cases where one of the Hamiltonians is [20] L.E. Gendenshtein, I.V. Krive, Sov. Phys. Usp. 28 (1985) 645.
Self'adjOint and the other is CompleX. [21] R.W. Haymaker, A.R.P. Rau, Am. J. Phys. 54 (1986) 928.

In a future detailed publication, new aspects about [22] F-. Cooper, A. Khare, U. Sukhatme, Phys. Rep. 251 (1995) 267.
P , p [23] C.A. Blockley, G.E. Stedman, Eur. J. Phys. 6 (1985) 218;

PT-symmetry with new consequences of our approach, g E. stedman, Eur. J. Phys. 6 (1985) 225.
as well as the study of SUSY QM for a one-dimensio- [24] E. Boya, Eur. J. Phys. 9 (1988) 139.



104

[25] J. Goldstein, C. Lebiedzik, R.W. Robinett, Am. J. Phys. 62
(1994) 612.
[26] V. Buslaev, V. Grecchi, J. Phys. A 26 (1993) 5541,
C.M. Bender, A. Turbiner, Phys. Lett. A 173 (1993) 442;
A.A. Andrianov, F. Cannata, J.P. Dedonder, M.V. loffe, Int. J.
Mod. Phys. A 14 (1999) 2675, quant-ph/9806019.
[27] F. Cannata, G. Junker, J. Trost, Phys. Lett. A 246 (1998) 219.
[28] B. Bagchi, R. Roychoudhury, J. Phys. A 33 (2000) L1,
G. Lévai, M. Znojil, J. Phys. A 33 (2000) 7165;
M. Znojil, F. Cannata, B. Bagchi, R. Roychoudhury, Phys. Lett.
B 483 (2000) 284, hep-th/0003277;
P. Dorey, C. Dunning, R. Tateo, hep-th/0104119;
B. Bagchi, S. Mallik, C. Quesne, Int. J. Mod. Phys. A 16 (2001)
2859, quant-ph/0102093;
B. Bagchi, S. Mallik, C. Quesne, quant-ph/0106021;
F. Cannata, M. loffe, R. Roychoudhury, P. Roy, Phys. Lett.
A 281 (2001) 305.
[29] V. Alonso, S. De Vincenzo, J. Phys. A 30 (1997) 8573.
[30] V. Alonso, S. De Vincenzo, L. Gonzéalez-Diaz, Nuovo Cimento
B 115 (2000) 155.

S De Vincenzo, V. Alonso / Physics Letters A 298 (2002) 98-104

[31] G. Bonneau, J. Faraut, G. Valent, Am. J. Phys. 69 (2001) 322;
G. Bonneau, J. Faraut, G. Valent, quant-ph/0103153.

[32] V. Alonso, S. De Vincenzo, L. Gonzélez-Diaz, Phys. Lett.
A 287 (2001) 23.

[33] S. De Vincenzo, Doctor in Physics, Thesis, Universidad Cen-
tral de Venezuela, Caracas, 2000.

[34] A.Z. Capri, Am. J. Phys. 45 (1977) 823.

[35] A. Messiah, Quantum Mechanics, Vol. |, North-Holland,
Amsterdam, 1970, chapter llI, section II.

[36] D. Bohm, Phys. Rev. 85 (1952) 166;
D. Bohm, J. Hiley, Phys. Rep. 144 (1987) 323.

[37] N.I. Akhiezer, I.M. Glazman, Theory of Linear Operators in
Hilbert Space, Dover, New York, 1993, chapter IV, section 39.

[38] M. Carreau, E. Farhi, S. Gutmann, Phys. Rev. D 42 (1990)
1194.

[39] M.G.E. da Luz, B.K. Cheng, Phys. Rev. A 51 (1995) 1811.

[40] A. Khare, B.P. Mandal, Phys. Lett. A 272 (2000) 53;
Z. Ahmed, Phys. Lett. A 282 (2001) 343.



	SUSY QM with a complex partner potential  in a one-dimensional box
	Introduction
	Factorization method
	SUSY QM in a box: a non-standard exactly solvable example
	Conclusions
	Acknowledgements
	References


