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Preface to the Seventh Edition

Since the publication in 2000 of the completely reset sixth edition of Gradshteyn and Ryzhik, users of the
reference work have continued to submit corrections, new results that extend the work, and suggestions
for changes that improve the presentation of existing entries. It is a matter of regret to us that the
structure of the book makes it impossible to acknowledge these individual contributions, so, as usual,
the names of the many new contributors have been added to the acknowledgment list at the front of the
book.

This seventh edition contains the corrections received since the publication of the sixth edition in
2000, together with a considerable amount of new material acquired from isolated sources. Following
our previous conventions, an amended entry has a superscript “11” added to its entry reference number,
where the equivalent superscript number for the sixth edition was “10.” Similarly, an asterisk on an
entry’s reference number indicates a new result. When, for technical reasons, an entry in a previous
edition has been removed, to preserve the continuity of numbering between the new and older editions
the subsequent entries have not been renumbered, so the numbering will jump.

We wish to express our gratitude to all who have been in contact with us with the object of improving
and extending the book, and we want to give special thanks to Dr. Victor H. Moll for his interest in
the book and for the many contributions he has made over an extended period of time. We also wish to
acknowledge the contributions made by Dr. Francis J. O’Brien Jr. of the Naval Station in Newport, in
particular for results involving integrands where exponentials are combined with algebraic functions.

Experience over many years has shown that each new edition of Gradshteyn and Ryzhik generates
a fresh supply of suggestions for new entries, and for the improvement of the presentation of existing
entries and errata. In view of this, we do not expect this new edition to be free from errors, so all
users of this reference work who identify errors, or who wish to propose new entries, are invited to
contact the authors, whose email addresses are listed below. Corrections will be posted on the web site
www.az-tec.com/gr/errata.

Alan Jeffrey

Alan.Jeffrey@newcastle.ac.uk

Daniel Zwillinger
zwillinger@alum.mit.edu
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The Order of Presentation of the
Formulas

The question of the most expedient order in which to give the formulas, in particular, in what division
to include particular formulas such as the definite integrals, turned out to be quite complicated. The
thought naturally occurs to set up an order analogous to that of a dictionary. However, it is almost
impossible to create such a system for the formulas of integral calculus. Indeed, in an arbitrary formula
of the form

/abf(:c)dx:A

one may make a large number of substitutions of the form =z = ¢(¢) and thus obtain a number of
“synonyms” of the given formula. We must point out that the table of definite integrals by Bierens
de Haan and the earlier editions of the present reference both sin in the plethora of such “synonyms”
and formulas of complicated form. In the present edition, we have tried to keep only the simplest of the
“synonym” formulas. Basically, we judged the simplicity of a formula from the standpoint of the simplicity
of the arguments of the “outer” functions that appear in the integrand. Where possible, we have replaced
a complicated formula with a simpler one. Sometimes, several complicated formulas were thereby reduced
to a single, simpler one. We then kept only the simplest formula. As a result of such substitutions, we
sometimes obtained an integral that could be evaluated by use of the formulas of Chapter Two and the
Newton-Leibniz formula, or to an integral of the form

’ f(z)dz,

where f(z) is an odd function. In such cases, the complicated integrals have been omitted.
Let us give an example using the expression

w/4 tr—1 p—1
/ M Intan g de = — = cosec pr. (0.1)
0 sin”

By making the natural substitution u = cot x — 1, we obtain
> T

/ uP~1 In(1 + u) du = — cosec pr. (0.2)
0 p

Integrals similar to formula (0.1) are omitted in this new edition. Instead, we have formula (0.2).

XXVil
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The Order of Presentation of the Formulas

As a second example, let us take

/2
1= / In (tan? z + cot? z) Intan z dx = 0.
0

The substitution v = tan z yields

du.

I /ooln(up—l—u_p)lnu
Jo 14 u?

If we now set v = Inu, we obtain

o vev °® In (2 cosh pv)
I={ 2 _ (" +e)do= LIS COSAPY) 4
/ 1+ e2v n(e te ) Y / Y " 9coshu v

— 00 — 00

The integrand is odd, and, consequently, the integral is equal to 0.

Thus, before looking for an integral in the tables, the user should simplify as much as possible the

arguments (the “inner” functions) of the functions in the integrand.

AR

The functions are ordered as follows: First we have the elementary functions:

The function f(z) = x.

The exponential function.

The hyperbolic functions.

The trigonometric functions.

The logarithmic function.

The inverse hyperbolic functions. (These are replaced with the corresponding logarithms in the
formulas containing definite integrals.)

The inverse trigonometric functions.

Then follow the special functions:

8.
9.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

Elliptic integrals.

Elliptic functions.

The logarithm integral, the exponential integral, the sine integral, and the cosine integral functions.
Probability integrals and Fresnel’s integrals.
The gamma function and related functions.
Bessel functions.

Mathieu functions.

Legendre functions.

Orthogonal polynomials.

Hypergeometric functions.

Degenerate hypergeometric functions.
Parabolic cylinder functions.

Meijer’s and MacRobert’s functions.
Riemann’s zeta function.

The integrals are arranged in order of outer function according to the above scheme: the farther down

in the list a function occurs, (i.e., the more complex it is) the later will the corresponding formula appear
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in the tables. Suppose that several expressions have the same outer function. For example, consider
sine”, sinz, sinlnx. Here, the outer function is the sine function in all three cases. Such expressions are
then arranged in order of the inner function. In the present work, these functions are therefore arranged
in the following order: sin x, sine®, sinln x.

Our list does not include polynomials, rational functions, powers, or other algebraic functions. An
algebraic function that is included in tables of definite integrals can usually be reduced to a finite com-
bination of roots of rational power. Therefore, for classifying our formulas, we can conditionally treat a
power function as a generalization of an algebraic and, consequently, of a rational function.* We shall
distinguish between all these functions and those listed above, and we shall treat them as operators.
Thus, in the expression sin? e”, we shall think of the squaring operator as applied to the outer function,
namely, the sine. In the expression SIBZECSE e shall think of the rational operator as applied to the

sinx—cos z’

trigonometric functions sine and cosine. We shall arrange the operators according to the following order:

1. Polynomials (listed in order of their degree).
Rational operators.
3. Algebraic operators (expressions of the form AP/4_wwhere ¢ and p are rational, and ¢ > 0; these are

listed according to the size of q).
4. Power operators.

Expressions with the same outer and inner functions are arranged in the order of complexity of the
operators. For example, the following functions [whose outer functions are all trigonometric, and whose
inner functions are all f(z) = x| are arranged in the order shown:

) ) 1 sinx sinx + cosx . m . m
sinz, sinxzcosz, —— = cosecz, =tanzx, —, sin"z, sin™z cosz.
sinx cos T sinz — cosx

Furthermore, if two outer functions ¢ (z) and @3 (), where ¢1(x) is more complex than s (x), appear
in an integrand and if any of the operations mentioned are performed on them, the corresponding integral
will appear [in the order determined by the position of @o(x) in the list] after all integrals containing
only the function ¢;(x). Thus, following the trigonometric functions are the trigonometric and power
functions [that is, p2(x) = x]. Then come

e combinations of trigonometric and exponential functions,
e combinations of trigonometric functions, exponential functions, and powers, etc.,
e combinations of trigonometric and hyperbolic functions, etc.

Integrals containing two functions ¢4 (z) and ps(z) are located in the division and order corresponding
to the more complicated function of the two. However, if the positions of several integrals coincide
because they contain the same complicated function, these integrals are put in the position defined by
the complexity of the second function.

To these rules of a general nature, we need to add certain particular considerations that will be easily
understood from the tables. For example, according to the above remarks, the function ew comes after

1
e” as regards complexity, but Inx and In — are equally complex since In— = —Inxz. In the section on

x
“powers and algebraic functions,” polynomials, rational functions, and powers of powers are formed from
power functions of the form (a + bz)™ and (« + Bx)”.

*For any natural number n, the involution (a + bxz)™ of the binomial a + bz is a polynomial. If n is a negative integer,
(a + bx)™ is a rational function. If n is irrational, the function (a 4 bx)™ is not even an algebraic function.
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Use of the Tables™

For the effective use of the tables contained in this book, it is necessary that the user should first become
familiar with the classification system for integrals devised by the authors Ryzhik and Gradshteyn. This
classification is described in detail in the section entitled The Order of Presentation of the Formulas (see
page xxvii) and essentially involves the separation of the integrand into inner and outer functions. The
principal function involved in the integrand is called the outer function, and its argument, which is itself
usually another function, is called the inner function. Thus, if the integrand comprised the expression
Insinz, the outer function would be the logarithmic function while its argument, the inner function,
would be the trigonometric function sinz. The desired integral would then be found in the section
dealing with logarithmic functions, its position within that section being determined by the position of
the inner function (here a trigonometric function) in Gradshteyn and Ryzhik’s list of functional forms.

It is inevitable that some duplication of symbols will occur within such a large collection of integrals,
and this happens most frequently in the first part of the book dealing with algebraic and trigonometric
integrands. The symbols most frequently involved are «, 3, v, 9, t, u, z, zx, and A. The expressions
associated with these symbols are used consistently within each section and are defined at the start of
each new section in which they occur. Consequently, reference should be made to the beginning of the
section being used in order to verify the meaning of the substitutions involved.

Integrals of algebraic functions are expressed as combinations of roots with rational power indices,
and definite integrals of such functions are frequently expressed in terms of the Legendre elliptic integrals
F(¢,k), E(¢p, k) and II(¢, n, k), respectively, of the first, second, and third kinds.

The four inverse hyperbolic functions arcsinh z, arccosh z, arctanh z, and arccoth z are introduced
through the definitions

arcsin z = — arcsinh(iz)
i
1

arccos z = — arccosh(z)
i

1
arctan z = — arctanh(iz)
i

arccot z = i arccoth(iz)

*Prepared by Alan Jeffrey for the English language edition.

XXX1



XXXii Use of the Tables

or

. 1 o
arcsinh z = - arcsin(iz)
i

arccosh z = i arccos z

1
arctanh z = = arctan(iz)
i
1 .
arccoth z = — arccot(—iz)
i

The numerical constants C and G which often appear in the definite integrals denote Euler’s constant
and Catalan’s constant, respectively. Euler’s constant C'is defined by the limit

S

1
C = lim ZE—lns =0.577215. . ..

§— 00

m—
On occasion, other writers denote Euler’s constant by the symbol v, but this is also often used instead
to denote the constant

v=e%=1.781072....
Catalan’s constant G is related to the complete elliptic integral

/2 dx

K=K(k) = R —
() 0 1—k2sin’z

by the expression

( )7”
G= Kdk = =0.915965....
/ (2 +1)2

Since the notations and definitions for hlgher transcendental functions that are used by different
authors are by no means uniform, it is advisable to check the definitions of the functions that occur in
these tables. This can be done by identifying the required function by symbol and name in the Indezx of
Special Functions and Notation on page xxxix, and by then referring to the defining formula or section
number listed there. We now present a brief discussion of some of the most commonly used alternative
notations and definitions for higher transcendental functions.

Bernoulli and Euler Polynomials and Numbers

Extensive use is made throughout the book of the Bernoulli and Euler numbers B,, and F, that are
defined in terms of the Bernoulli and Euler polynomials of order n, B, (z) and E,(z), respectively. These

polynomials are defined by the generating functions
o0

tewt tn
o :ZB”(x)ﬁ for |t| < 27

and
2" & "
i Z)En(x)ﬁ for |t| < m.
n—

The Bernoulli numbers are always denoted by B,, and are defined by the relation
B, = B,(0) forn=0,1,...,
when
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The Euler numbers F,, are defined by setting

En:2"En<%) forn=0,1,...

The F,, are all integral, and £y =1, F; = -1, E4 =5, Fg = —61, ....
An alternative definition of Bernoulli numbers, which we shall denote by the symbol B}, uses the
same generating function but identifies the B} differently in the following manner:

t 1 L2 Lt

et —1 2
This definition then gives rise to the alternative set of Bernoulli numbers

Bf=1/6, B;=1/30, B;=1/42, Bj=1/30, B:=75/66,
Bi =691/2730, B:=7/6, B =3617/510,

These differences in notation must also be taken into account when using the following relationships
that exist between the Bernoulli and Euler polynomials:

(") Bu_i Ex(2z)  n=0,1,...

2\,

et (25 . )
) En_l(x):%{Bn(a:)—Z”Bn (g)} n=1,2,...
and

Ep_s(z) =2 (Z) Yy (Z) (2% —1) By Ba(z) n=2,3,...

There are also alternative definitions of the Euler polynomial of order n, and it should be noted that
some authors, using a modification of the third expression above, call

(37) (B -2 (5))

Elliptic Functions and Elliptic Integrals

the Euler polynomial of order n.

The following notations are often used in connection with the inverse elliptic functions snwu, cnu, and
dnu:

1 1 1
nsuy = — ncu = — ndu = —
snu cnu dnwu
snu cnu dnu
scu = — csu = —— dsu = —
cnu snu snu
snu cnu dnu
sdu = — cdu = — deu = ——

dnu dnu cnu
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The elliptic integral of the third kind is defined by Gradshteyn and Ryzhik to be
@ d
II (go, n?, k‘) = / a4
0 (1—mn? sin? a) V1-—k? sin?a
/singa dx
0 (1 —n222) /(1 — 22) (1 — k%2?)

(o0 < n? < )

The Jacobi Zeta Function and Theta Functions
The Jacobi zeta function zn(u, k), frequently written Z(u), is defined by the relation
v E E
m(u, k) = Z(u) = / {dn2v - E} dv = E(u) — =
This is related to the theta functions by the relationship
m(u, k) = % In O (u)

giving
r( T
(i).  zn(u, k) = ;;{Zi E%TII’ES B Cnslil(inu
2
r( T
(ii). zn(u,k) = %{Zz E%TII'S B dnclltls;ilu
2
19;’ (ﬂ) snucnu
(iit). zn(u, k) = %{ﬁ (%TIU{) 7k2W
o (T2
e
(iv). zn(u,k) = ﬁ(ﬁ
‘2K

Many different notations for the theta function are in current use. The most common variants are the
replacement of the argument u by the argument u/m and, occasionally, a permutation of the identification
of the functions 9, to ¥4 with the function ¥4 replaced by 9.

The Factorial (Gamma) Function

In older reference texts, the gamma function I'(z), defined by the Euler integral

(o)
I‘(z):/ t*~le~tat,
0

is sometimes expressed in the alternative notation
I(142) =2 =1(2).
On occasions, the related derivative of the logarithmic factorial function ¥(z) is used where
d(lnz!) (21

= =U(z).
dz z! (2)
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This function satisfies the recurrence relation

Uz)=U(z—1)+ i

> 1 1
\p<z)=—c+;)(n+l_z+n).

The derivative ¥’(z) satisfies the recurrence relation

and is defined by the series

V(iz+1)=0'(2) — =
and is defined by the series

oo

T o
n=0 (Z + n)

Exponential and Related Integrals

The exponential integrals F,,(z) have been defined by Schloemilch using the integral

oo

En(z):/ e~ T dt (n=0,1,..., Rez>0).

1
They should not be confused with the Euler polynomials already mentioned. The function E(z) is
related to the exponential integral Ei(z) through the expressions

Ei(z) = —Ei(—2) = /Ooe_tt_1 dt

and
7 dt
li(z) = Tt =Ei(lnz) [z>1].
The functions F,,(z) satisfy the recurrence relations

E.(z) = - i 1 {e7* —2E,_1(2)} [n>1]

and
E;z<z) =—E,-1(2)
with
Eo(z) =¢"7/z.
The function E,(z) has the asymptotic expansion
ezz{l_ﬁ+n(n+1)_n(n+1)(n+2)+.“} [

En(z) ~ z 22 23

a |<37T
Ireg z —_—
& 2

while for large n,

_e” n nin—2zx) n (63@2 — 8nx + n2)
En(z) = z {1+ (z +n)2 * (x+n)t " (z +n)b +R(n,x)},

where
—0.36n"* < R(n,2) < ( )n‘4 [z > 0].
i(x)

The sine and cosine integrals si(z) and ci(z) are related to the functions Si(z) and Ci(z) by the

integrals
t
/ sint dt = si(z )—i—g

and
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T (cost —1)

Ci(z) = C+lnx + dt.

0
The hyperbolic sine and cosine integrals shi(x) and chi(z) are defined by the relations

shi(z) :/ Smhtdt
o ¢t

and

¥ ht—1
chi(a:):C—i-lnx—i—/ Mdt.

0 t

Cin(z) = /Ozm dt

t

Some authors write

so that
Cin(z) = — Ci(z) + Inxz + C.
The error function erf(x) is defined by the relation
2 x
erf(z) = ®(x) = ﬁ/ et at,

0
and the complementary error function erfc(z) is related to the error function erfc(z) and to ®(x) by the
expression

erfc(x) = 1 — erf(z).
The Fresnel integrals S(z) and C(x) are defined by Gradshteyn and Ryzhik as

2 x
S(x) = \/—2_7r/o sin t? dt

2 xr
C(x) = —/ cost? dt.
(z) 57 ),
Other definitions that are in use are

T 2 T 2
Si(z) = / sin i dt, Ci(z) = / oS i dt,
0 2 0 2

and

and
1 Tsint 1 Tcost

=)t Y= Tm ) w

These are related by the expressions

dt.

and

Hermite and Chebyshev Orthogonal Polynomials

The Hermite polynomials H,,(z) are related to the Hermite polynomials He, (z) by the relations

Hen(z) =22 H, <%>

H,(z) = 27/2 He,, (a:\/i) .

and
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These functions satisfy the differential equations

d>H, dH,
— 2z

2nH,, =
dx? dx tan 0

and
d? He,, deen

dx? dx

+ n He,, = 0.
They obey the recurrence relations

Hyi1=2¢H,-2nH,
and

He, 1 =x He, —m He,_1 .
The first six orthogonal polynomials He,, are

Hey=1, He; =z, Hes=2%—1, Hes=2"—3z, Hes=2a*—62>+3, Hes=2"—102>+ 15z.
Sometimes the Chebyshev polynomial U, (z) of the second kind is defined as a solution of the equation

d?y dy
1 2 — + +2)y=0.
( ac)d2 3xdz n(n )y =0
Bessel Functions

A variety of different notations for Bessel functions are in use. Some common ones involve the replacement
of Y, (%) by N,(z) and the introduction of the symbol

An(z) = (%z) 1) 2.

1
In the book by Gray, Mathews, and MacRobert, the symbol Y, (z) is used to denote 57 Ya(z) +

(In2 — C) J,,(2) while Neumann uses the symbol Y (") (z) for the identical quantity.
The Hankel functions H'V(z) and H?(z) are sometimes denoted by Hs,(z) and Hi,(z), and some

1
authors write G, (z) = (5) i HV(2).

The Neumann polynomial O, () is a polynomial of degree n + 1 in 1/t, with Og(t) = 1/t. The
polynomials O, (t) are defined by the generating function

1 o0
7 = Jo(2) Oo(t) + 2; Jr(z) Ok(t),
giving
[n/2] n—2k+1
1 nn—k—1)! /2
On(t):ZZT<¥> fOI"I’L:1,2,...7

k=0
where [%n] signifies the integral part of %n The following relationship holds between three successive

polynomials:
2(n2—1)0 QniQnﬂ'

(n—=1) Opga(t) + (n+1) Op_1(t) — ;
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The Airy functions Ai(z) and Bi(z) are independent solutions of the equation

d2
—Z—ZUZO.

z
The solutions can be represented in terms of Bessel functions by the expressions
) 1 2 2 1 /z 2
AI(Z) = g\/g{ll/S (§Z3/2> _ ]1/3 <§Z3/2>} — ;\/;KI/S <§2’3/2>
1 2 2
Al(—Z) - g\/g {J1/3 (gZS/Q) + Jfl/g (523/2)}

= 3 {1 (7)1 (3))
Bi(—2) = \/g{Jl/g @23/2) —Ji3 (§z3/2) } :

Parabolic Cylinder Functions and Whittaker Functions

and by

The differential equation

d%y 9
@Jr(az +bz+c)y:0
has associated with it the two equations

2 2
%—i— <iz2+a)y:Oand %— (322+a>y:0,
the solutions of which are parabolic cylinder functions. The first equation can be derived from the second
by replacing z by ze?™/* and a by —ia.

The solutions of the equation

d*y L o
are sometimes written Ul(a, z) and V(a, z). These solutions are related to Whittaker’s function D,(z) by

the expressions
U(a,z)=D_,_1(z2)

—a—3

and

V(a,z) = %F <% + a) {D_a_%(—z) + (sinma) D_a_%(z)} .

Mathieu Functions

There are several accepted notations for Mathieu functions and for their associated parameters. The
defining equation used by Gradshteyn and Ryzhik is

d2

—y+(a—2k200522)y20 with k% = q.

dz?
Different notations involve the replacement of a and ¢ in this equation by h and 4, A and k2, and

b and ¢ = 2,/q, respectively. The periodic solutions se, (z,¢q) and ce,(z,¢) and the modified periodic
solutions Se,(z,q) and Ce,(z,q) are suitably altered and, sometimes, re-normalized. A description of
these relationships together with the normalizing factors is contained in: Tables Relating to Mathieu
Functions. National Bureau of Standards, Columbia University Press, New York, 1951.
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Name of the function and the number of

Notation the formula containing its definition
G(x) 8.37
I'(z) Gamma function 8.31-8.33
v(a,z), T(a,z) Incomplete gamma functions 8.35
A(n —k) Unit integer pulse function 18.1
&(s) 9.56
Az, y) 9.640
w(@,8),  ulx,8,0) 0.640
v(z), v(z,a) 9.640
II(x) Lobachevskiy’s angle of parallelism 1.48
II(p,n, k) Elliptic integral of the third kind 8.11
¢(u) Weierstrass zeta function 8.17
(z,q), ((2) Riemann’s zeta functions 9.51-9.54
Ou) =4 (5%), ©O1(u) =75 ( Jacobian theta function 8.191-8.196
190(’U|T):194 ’U‘T),
(v | 7), V2(v|7), Elliptic theta functions 8.18, 8.19
I3(v | 1)
o(u) Weierstrass sigma function 8.17
O(x) See probability integral 8.25
D(z,s,v) Lerch function 9.55
D(a,c;x) = 1F1 (o5 v; x) Confluent hypergeometric function 9.21
21(,5,7,2,9) Degenerate hypergeometric series in two
/
®2(8,8'7,2,y) variables 9.26
®3(/87 Y, T, y)
U(x) Euler psi function 8.36
p(u) Weierstrass elliptic function 8.16
am(u, k) Amplitude (of an elliptic function) 8.141
B, Bernoulli numbers 9.61, 9.71
B,(x) Bernoulli polynomials 9.620
B(z,y) Beta functions 8.38
B.(p,q) Incomplete beta functions 8.39
bei(z), ber(z) Thomson functions 8.56

continued on next page
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continued from previous page

Name of the function and the number of

Notation the formula containing its definition
C Euler constant 9.73, 8.367
C(x) Fresnel cosine integral 8.25
Cu(a) Young functions 3.76
C f{(t) Gegenbauer polynomials 8.93
Ch(x) Gegenbauer functions 8.9321
cean(2,q), e (2,q) Periodic Mathieu functions (Mathieu 8.61
2ni% 4); 2415 4 functions of the first kind) '
Cean(2,q),  Ceamii(2q) ﬁlsesoﬁ(;l:tticiln(dmodlﬁed) Mathieu functions of 8.63
chi(x) Hyperbolic cosine integral function 8.22
ci(x) Cosine integral 8.23
cn(u) Cosine amplitude 8.14
D(k)=D Elliptic integral 8.112
D(p, k) Elliptic integral 8.111
D,(z), Dp(z) Parabolic cylinder functions 9.24-9.25
dnwu Delta amplitude 8.14
e1, e, €3 (used with the Weierstrass function) 8.162
E, Euler numbers 9.63, 9.72
E(p, k) Elliptic integral of the second kind 8.11-8.12
{ E(k)=E } Complete elliptic integral of the second
. 8.11-8.12
EK)=F kind
E(p;a,:q;0s:x) MacRobert’s function 9.4
E,(2) Weber function 8.58
Ei(z) Exponential integral function 8.21
erf(x) Error function 8.25
erfe(z) = 1 — erf(z) Complementary error function 8.25
F(p, k) Elliptic integral of the first kind 8.11-8.12
pFqloa, ... 0p;B1,...,04:2) Generalized hypergeometric series 9.14
oF1 (o, B;7v;2) = F(a, B57; 2) Gauss hypergeometric function 9.10-9.13
1F1 (595 2) = O, y; 2) Degenerate hypergeometric function 9.21
Fa(a:B1, ... 5 Bn; Hypergeometric function of several 9.19
Viyoonnnn SYn D ZLy e s Zn) variables '
Fi, Fy, F3, Fy Hypergeometric functions of two variables 0.18
{ fe,(z,q), Fen(z,q) . .. } Other_ nonperiodic solutions of Mathieu’s 8.64. 8.663
Fey, (z,q), Fek,(z,q) . .. equation
G Catalan constant 9.73
92,03 Invariants of the p(u)-function 8.161
gdx Gudermannian 1.49
ge,(z,9), Gen(z,q) Other nonperiodic solutions of Mathieu’s 8.64 8663
Gey, (2, q), Gekn(2,q) equation o
GZ?,}” (a: ‘;11 gf ) Meijer’s functions 9.3

continued on next page
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Notation Name of the function and the number of
the formula containing its definition
h(n) Unit integer function 18.1
hei,(z), her,(z) Thomson functions 8.56
Hgl)(z), H(f)(z) 1I:I.ankel functions of the first and second 8.405, 8.42
inds
H(u) =9 (5%) Theta function 8.192
Hy(u) =92 (55) Theta function 8.192
Hp(2) Hermite polynomials 8.95
H,(2) Struve functions 8.55
I,(2) Bessel functions of an imaginary argument  8.406, 8.43
I.(p,q) Normalized incomplete beta function 8.39
Ju(2) Bessel function 8.402, 8.41
J.(2) Anger function 8.58
k, (x) Bateman’s function 9.210 3
Kk)=K, Kk')=K Complete elliptic integral of the first kind 8.11-8.12
K,(2) Bessel functions of imaginary argument 8.407, 8.43
kei(z), ker(z) Thomson functions 8.56
L(x) Lobachevskiy’s function 8.26
L.(2) Modified Struve function 8.55
L (2) Laguerre polynomials 8.97
li(x) Logarithm integral 8.24
My, (2) Whittaker functions 9.22,9.23
O, (x) Neumann’s polynomials 8.59
PE(z), Ph() 1z?iisc(l)ciated Legendre functions of the first 8.7. 8.8
P.(z), P,(x Legendre functions and polynomials 8.82, 8.83, 8.91
a b ¢
P{a [ ~v & Riemann’s differential equation 9.160
o B A
PR () Jacobi’s polynomials 8.96
Associated Legendre functions of the
v(2), Q@) second kind 8.7.88
Q,(2), Q,(x) Legendre functions of the second kind 8.82, 8.83
S(x Fresnel sine integral 8.25
Sn(z) Schlafli’s polynomials 8.59
Suw(2),  Suw(2) Lommel functions 8.57
sean+1(2,4q), Seani2(z,q) Periodic Mathieu functions 8.61
Seani1(2,q),  Seamia(2q) l;/i;‘lclilleelllltfunctlons of an imaginary 8.63
shi(x) Hyperbolic sine integral 8.22
si(z) Sine integral 8.23
snu Sine amplitude 8.14
T,(x) Chebyshev polynomial of the 15* kind 8.94
Un(z) Chebyshev polynomials of the 2°¢ kind 8.94
continued on next page
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Notation

Name of the function and the number of
the formula containing its definition

Lommel functions of two variables 8.578
Whittaker functions 9.22,9.23
Neumann functions 8.403, 8.41
Bessel functions 8.401

Bessel functions




Notation

Symbol

Meaning

Ed

The integral part of the real number z (also denoted by [z])

/(b+) /(b—)

Contour integrals; the path of integration starting at the point a extends
to the point b (along a straight line unless there is an indication to the
contrary), encircles the point b along a small circle in the positive
(negative) direction, and returns to the point a, proceeding along the
original path in the opposite direction.

Line integral along the curve C'

PV [ Principal value integral

Z=x—1y The complex conjugate of z = x + iy

n! -1-2-3...n, 0'=1

(2n + 1! =1-3...(2n+1). (double factorial notation)
(2n)!! =2-4...(2n). (double factorial notation)

(cf. 3.372 for n = 0)

00=1 (cf. 0.112 and 0.113 for ¢ = 0)
pp—1)...(p—n+1) P! » P!
= = =1 py_—__©
p) 1-2...n nl(p —n)!’ @) =1 () nl(p —n)!
n

[n=1,2,...,p>n]

=z(z—-1)...(x—n+1)/n! [n=0,1,...]

=ala+1)...(a+n—-1)= % (Pochhammer symbol)

n
=Upm + Umg1 + .-+ Uy If n < m, we define Zuk:()

k=m

~
~

Summation over all integral values of n excluding n = 0, and summation
over all integral values of n and m excluding m = n = 0, respectively.

An empty > has value 0, and an empty ][] has value 1

continued on next page
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continued from previous page

Symbol

Meaning

R
0 i#J

Kronecker delta

T

Theta function parameter (cf. 8.18)

x and A Vector product (cf. 10.11)
Scalar product (cf. 10.11)
V or “del” Vector operator (cf. 10.21)
v? Laplacian (cf. 10.31)
~ Asymptotically equal to
arg z The argument of the complex number z = z + iy
curl or rot Vector operator (cf. 10.21)
div Vector operator (divergence) (cf. 10.21)
F Fourier transform (cf. 17.21)
F. Fourier cosine transform (cf. 17.31)
Fs Fourier sine transform (cf. 17.31)
grad Vector operator (gradient) (cf. 10.21)
h; and g;; Metric coefficients (cf. 10.51)
H Hermitian transpose of a vector or matrix (cf. 13.123)
H(x) = {? z ; 8 Heaviside step function
Imz=y The imaginary part of the complex number z = x + iy
The letter k& (when not used as an index of summation) denotes a number
k in the interval [0, 1]. This notation is used in integrals that lead to elliptic
integrals. In such a connection, the number v/1 — k2 is denoted by k’.
L Laplace transform (cf. 17.11)
Mellin transform (cf. 17.41)
N The natural numbers (0,1,2,...)
The order of the function f(z). Suppose that the point z approaches z.
O(f(2)) If there exists an M > 0 such that |g(z)| < M|f(z)| in some sufficiently

small neighborhood of the point zy, we write g(z) = O(f()).

continued on next page
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continued from previous page

Symbol Meaning

q The nome, a theta function parameter (cf. 8.18)

R The real numbers

R(x) A rational function

Rez==z The real part of the complex number z = x + iy

Sy Stirling number of the first kind (cd. 9.74)

L Stirling number of the second kind (cd. 9.74)
+1 >0

signx = 0 x =0 | The sign (signum) of the real number z
-1 =<0

T Transpose of a vector or matrix (cf. 13.115)

Z The integers (0, £1,42,...)

Zy Bilateral z transform (cf. 18.1)

Zy, Unilateral z transform (cf. 18.1)
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Note on the Bibliographic References

The letters and numbers following equations refer to the sources used by Russian editors. The key to the
letters will be found preceding each entry in the Bibliography beginning on page 1141. Roman numerals
indicate the volume number of a multivolume work. Numbers without parentheses indicate page numbers,
numbers in single parentheses refer to equation numbers in the original sources.

Some formulas were changed from their form in the source material. In such cases, the letter a appears
at the end of the bibliographic references.

As an example, we may use the reference to equation 3.354-5:

ETI118 (1) a
The key on page 1141 indicates that the book referred to is:
Erdélyi, A. et al., Tables of Integral Transforms.

The Roman numeral denotes volume one of the work; 118 is the page on which the formula will be
found; (1) refers to the number of the formula in this source; and the a indicates that the expression
appearing in the source differs in some respect from the formula in this book.

In several cases, the editors have used Russian editions of works published in other languages. Under
such circumstances, because the pagination and numbering of equations may be altered, we have referred
the reader only to the original sources and dispensed with page and equation numbers.

xlvii
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0 Introduction

0.1 Finite Sums

0.11 Progressions

0.111 Arithmetic progression.

n—1

Z(a + kr) = g[2a +(n—1r] = g(a +1) [l =a+ (n—1)ris the last term]

k=0
0.112 Geometric progression.

n n __ 1
> et = M 041
q—1

k=1
0.113 Arithmetic-geometric progression.

n—1 n—1

a—la+(n—1r]¢"  rq(l—
ot brggh = A ra(1oa)
—~ -q (1-q)
lg#1, n>1] 1O (5)
0.1148 szwk _ (—n?+2n—1)2" 2+ (2n? —2n — 1) 2"t —n?2" + 22 + 2
(1—x)?

k=1
0.12 Sums of powers of natural numbers

n q+1 q 1 1 ‘ 1 )
0121 Y k= + Tt o (1) Bont 4 £ (§) Ban ™+ < (1) Bont 7+ -
k=1

g+1 2 " 2\1 4\3 6
_ nttt LN g’ glg-D(a-2) 43 L e=Da=2a=3)a=4) ;5 _
g+1 ' 2 12 720 30,240

[last term contains either n or n*] CE 332

- 1
1. Z k= % CE 333
k=1
i 1 1
2. Z k2 = nfn + )6(2n +1) CE 333
k=1
n 2
1
3. k3 = [@} CE 333
k=1



2 Finite Sums 0.122
= 1
. > k= g7+ 120+ 1)(3n% +3n —1) CE 333
k=1
- 1
5. Y K= ﬁn?(n +1)22n% +2n —1) CE 333
k=1
n 1
6. kS = En(n +1)(2n+ 1)(B3n* +6n° —3n+1) CE 333
k=1
- 1
7. kT = ﬂnQ(n +1)2(3n* + 60 — n? — 4n +2) CE 333
k=1
0122 S (k- 1)1 = 2 _pett 1 (q) 20-1Byma—1 _ 1 (q) 2973 (2 — 1) Bynt™3 — ..
. P g+ 1 2 \1 2 4\3 4
[last term contains either n or nZ.]
n
1. > (@2k—1)=n’
k=1
- 1
2. > (2k-1)>= _n(4n® - 1) JO (32a)
k=1
3. Y (2k—1)° =n?(2n® - 1) JO (32b)
k=1
4 N (mk—1) = g[m(n +1) -2
k=1
5.10 (mk —1)2 = —n[m?*(n +1)(2n + 1) — 6m(n + 1) + 6]
k=1
n
6.19 (mk —1)* = “n[m*n(n +1)% = 2m?*(n + 1)(2n + 1) + 6m(n + 1) — 4]
k=1
0.123 k(k+1)? = —n(n+1)(n+2)(3n +5)
k=1
0.124
q
1
1. Zk(ankQ)zzq(q+1)(2n2—q27q) [¢=1,2,..]
k=1
210 N k(k+1)° = gg7(n+ 1) (120° + 63n” +107n + 58)
k=1
0125 > kl-k=(n+1)-1 AD (188.1)
k=1
0.126 WA 94

“~ (n+k)! % 1
Zkln—k)! Vo2
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/ sin(a __cos(ab) — 1
x—b T

3.724

oD +2q7 + 22

VP —¢?

[a>0, b>0]

b —b
1. / e sin(ax) dez = (cq— sin(aq) + ccos(aq)) TeVP—a?

l[a>0, p>q’]

b b—
2. / e cos(azx) dx = <7cq cos(aq) + csin(aq)) Te WP

oop+2q1:+x2

Vp—¢?

5 / cos[(b — 1)t] — x cos(bt)
’ 1 —2xcost + 2

3.725

*sin(az)dz  m . _.5
1 /0 2 (B2 +a22) 282 (1—e)

*sin(ax)dr 7w _ cosla
2. / ) = g (L cos(ab)

“sin(az)cos(bz) W
| e

T _
_ﬁe

~Pbsinh(a3)

™

8 cosh(bB) +

3.726
n /°° xsin(azx) dx
' o b3Eb%x+ bx? £ ad

1 —abpy
= i@ [e Ei(ab) —
e~ — 71 cos(ab)
Jr

232

l[a>0, p>q’]

cos(azx) dz = me~ " sin (bt + a cost)

[a >0, t?’< 7r2}

[Ref >0, a>0]
[a > 0]

[0<a<b

[a>b>0]

ET Il 252(44)

BI (202)(12)

BI (202)(13)

BI (202)(14)

BI (172)(1)

BI (172)(4)

ET 1 19(4)

oab Ei(—ab) — 2ci(ab) sin(ab) + 2 cos(ab) (Si(ab) + g)]

4b
[a>0, b>0; ifthe lower sign is taken, then the integral is a principal value integral]
ET I 65(21)a, BI(176)(10, 13)

o7 /°° x?sin(ax) dx
' o bPEb2x+ba? £ a3

- % [eab Ei(—ab) — e~ *Ei(ab) + 2 ci(ab) sin(ab) — 2 cos(ab) (si(ab) 4 g)]

£ (e + cos(ab))

[a>0, b>0; ifthe lower sign is taken, then the integral is a principal value integral]

ET 1 66(22), BI(176)(11, 14)



426

Trigonometric Functions 3.727

3.727

Lo
20

3. /0

4 /
0
5. /
0
6.11 /
0

7. /
0
8.1 /
0

9 /
0
10. /
0
11. /
0
12.7 /
0

> cos(ax) de 77\/56 ab cos ab + sin ab
= X —_—— —_— JR—
b+ 2 w P\ 2 TR

[a>0, b>0] BI(160)(25)a, ET 1 9(19)
oo L 1
% dz = yiE] [2 sin(ab) ci(ab) — 2 cos(ab) (si(ab) + g)
+e % Ei(ab) — e Ei(—ab)}

[a>0, b>0] BI (161)(12)

COS(UJ‘) dr — l [e—ab + sin(ab)}

bt — x4 403
[a>0, b>0] (cf. 3.723 2 and 3.723 9) BI (161)(16)

*° zsin(ax) T ab\ . ab

bt T g P (‘ ﬁ) s [@>0, b>0] BI (160)(23)a
> zsin(ax T _a

e _(1,4) T= 2 [e™" — cos(ab)] [a>0, b>0] BI (161)(13)
°° 2 cos(ax)

bt — x4 4b2
— e Ei(ab) — e Ei(—ab)]
[a>0, b>0] (cf. 3.723 5 and 3.723 11) BI (161)(17)

> 22 cos(ax) /2 ( ab ) ( ab . ab )
dr = exp | ———= oS — — sin —

dp— {2 cos(ab) ci(ab) + 2sin(ab) (Si(ab) + %)

R 4 NG N
[a>0, b>0] BI (160)(26)a
*®x?sin(axr)dr 1 ) )
i 1 [2 sin(ab) ci(ab)
~2cos(ab) (si(ab) + 5 ) — e~ Ei(ab) + " Ei(~ab)
[a>0, b>0] BI (161)(14)
< 22 cos(ax) T, —ab
i1 de =g (sin(ab) —e™) [a>0, b>0] BI (161)(18)
23 sin(ax) ™ ab ab
Tt pd TP (‘75) s 5 [a>0, b>0] Bl (160)(24)
< 23 sin(ax) T ¢ _ab
i dr = [ — cos(ab)] [a>0, b>0] BI (161)(15)
*x3cos(ax)dr 1

T {2 cos(ab) ci(ab) + 2sin(ab) (Si(ab) + g)

+e~%Ei(ab) + e® Ei(—ab)}
[a>0, b>0] BI(161)(19)
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3.728

1.

3.729

a3 sin ax me~ b
= 3a — ba®
/ P T e Ba )
23 sinaz e~ %q 2,9
/ 1 )] de = o3 (3 + 3ab — a’b”)

cos(ax) dz ~w(Bem T — ve~P)

o (B2 +22)(y*+2a?) 287 (62 —~?)

*  zxsin(az)dx T (e=F — em7)
y FrA A 20 )

> 22cos(ax) dx o (ﬁe_“ﬂ — 76‘“7)

o (B+a?)(2+2?)  2(82-9?)

*  Zisin(ax)dr 0w (BPe=P — y2e=a7)
o (B+a?)(2+2?) 28297

/Oo cos(ax) doc o (bsin(ac) — csin(ab))
0 —?) )

2be (b2 — ¢?

/Oo x sin(ax) dm _ m(cos(ab) — cos(ac))

0 —a?) 2(b* = c?)
/°° z?cos(ax)dx  w(csin(ac) — bsin(ab))

o (02 —a2)(c2 —22) 2 (0% — ¢?)
/°° a¥sin(ax)dr 7 (b% cos(ab) — ¢* cos(ac))

0 )(c? —22) 2 (b2 —¢?)
/°° xsinax e % — cosba

de = -
o (B2 —2a?)(c?+2?) 2 a2+ c?

°° cos(ax) dx T
> = —(L+ab)e ™
/0 b2+x2 453( +abe
/°° xsin(ax) dz T
= —ae
o (02+2x2) 4b
oo 1— 22
/ cos(pxr) —— as 5 dv = D o-p
0 +1‘) 2
23 sin(ax) T
20— —ab
/0 b2+x2 4( Je

[a >0,

[a >0,

[a >0,

[a >0,

[a >0,

[a > 0]

[a >0,

[a >0,

[a >0,

[a >0,

[a >0,

[a >0,

Rep > 0,

Refg >0,

Rep > 0,

Ref >0,

b> 0,

b>0,

b >0,

c>0,

b > 0]

b> 0]

b> 0]

Re~y > 0]
BI (175)(1)
Re~y > 0]
BI (174)(1)
Rev > 0]
BI (175)(2)
Rev > 0]
Bl (174)(2)
¢ > 0] BI (175)(3)
Bl (174)(3)
¢ > 0] Bl (175)(4)
¢ > 0] Bl (174)(4)
b real]
BI (170)(7)
BI (170)(3)
BI (43)(10)a
Bl (170)(4)
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3.731 Notation: 2A4%2=+bt+c2+1?, 2B =+/bt+c2 -1,
1 /°° cos(azx) dx kL e~ (Bcos(aB) + Asin(aB))
. o (24242 2 Vbt +c?
[a>0, b>0, c¢>0] BI (176)(3)
i d
2. / w = L e sin(aB) [@>0, b>0, c>0] BI (176)(1)
0o (#2+02)"+c2 2
5 /°° (22 +b%) cos(az) dx m e~ (Acos(aB) — Bsin(aB))
. 0 (22 + b2)* + 2 2 Vbt + ¢?
[a>0, b>0, c¢>0] Bl (176)(4)
oo 2 2 &
+0b d
4. / v ) s;n(a:v) T Temaa cos(aB) [a>0, b>0, c¢>0] BI (176)(2)
0 (@2 +b2)" 4 ¢? 2
3.732
o0 ]. ]. . Vs —af
1. I ey o il -y por sin(ax) dz = Ee sin(ay)
[a>0, ReB>0, ~+ifisnotreal
ET | 65(16)
e 1 1 b
. — —afB o
2. /0 [ﬂz Iy P + P+ x)Q] cos(az) dx = Be cos(ay)
[a >0, |Im~| < Ref] ET 1 8(13)
- Ttz y-x : a
3. /0 [52 Iy i Rl pog x)Q] sin(ax) de = e~ cos(ay)
[a >0, ReB>0, ~+ifisnot real
LI (175)(17)
* v+ y—x 4B
4. /0 [ﬁz Y e + 1 x)Q] cos(ax) de = e~ * sin(avy)
[a>0, |Imal<Ref] LI (176)(21)
3.733
° cos(ax) dx T sin (¢ + absint)
1. = — —abcost) ————=
/0 x4+ 20222 cos 2t + b4 203 exp (—abcost) sin 2t
[a >0, b>0, |t< 5] BI (176)(7)
° xsin(azx) dx T sin (absint)
/0 T W cosa 1 1A apr P (Tabeost) — ooy
{a>0, b>0, \t|<g]
BI(176)(5), ET 1 66(23)
° 22 cos(ax) dx ™ sin (t — absint)
3. = — —abcost) —— 7
/0 x* + 20222 cos 2t + b*  2b exp (—abeost) sin 2t
[a >0, b>0, Jt< g} BI (176)(8)
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* 23 sin(ax) dw ™ sin (2t — absint)
4. = — —abcost) —————
/0 o'+ 20272 cos2t + b3 2P (—abeost) sin 2t

[a >0, b>0, |t< g} BI (176)(6)

o sin(az) dx ™ sin (2t + absint)
g /0 x (z* + 20222 cos 2t + b*)  2b* [ exp (—abcost) sin 2t

[a >0, b>0, |t< g} BI (176)(22)

3.734
“sin(ar)dr 7 ab ab
1. /0 (bt +at)  2bt {1 — exp (_ﬁ> cos \/5} [a>0, b>0] Bl (172)(7)
2. /w% = 4ib4 [2 _emab _ cos(ab)} [a >0, b> O] BI (172)(10)
o —
3.735 /”% _ 2% [1 - %e—ab@ + ab)} [a>0, b>0] WH, BI (172)(22)
0o T €T
3.736
~ d
1. /0 2 ioxsggl?gzl i :E4) = 87% [Sin(ab) + (2 T ab)e_ab]
[a>0, b>0] BI (176)(5)
o0 . d
> /0 (b2 is;g()a(fzi _Im4) = 87# [(1+ ab)e™*® — cos(ab)]
[a>0, b>0] BI (174)(5)
’ /000 (b;jf;;)(?;‘)fxw‘*) B 8% [sin(ab) —abe™’] [a>0, b>0] BI (175)(6)
oo 3 .t d
4. A (b2x+ Sll‘;l)(?;;) —xx4) _ 877? [(1 i ab)efab _ COS(ab)}
[a>0, b>0] BI (174)(6)
o0 4 . d
5. /0 (bZI_i_(:;)(?ble) _1;34) _ % [sin(ab) + (ab — 2)efab]
[a>0, b>0] BI (175)(7)

*  gPsin(ax)dr  w . ‘
& /0 B ra2) (b —2h) 8 [(ab—3)e™* — cos(ab)]

[a>0, b>0] Bl (174)(7)
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18 /°° cos(ax)dr Z (2n — k — 2)!(2ab)*
' o (B2 +22)" (2b2" I( 'kO El(n—k—1)!
(_1)n 171' dm 1 —abf
©22n—1l(p —1)! [dp”l ( /D )L_l
B (-1)”7177 |: dnfl ( efabp ):l
202t — 1)t Ldpnt \(1+p)" ) | =y
[a>0, b>0] GW(333)(67b), WA 209, WA 192
5 /°° rsin(az)dr  wae — (2n — k — 2)!(2a3)*
: ntl . 92n,132n—1 —
o (224 62) 22nplfEn=t L~ k!(n kE—1)!
= g(fw [n=0, p>0]
[@>0, Ref >0 GW (333)(66¢)
3 /°° sin(ax) dx o)
. o (ﬁQ + x2>n+l 252n+2 Qn l
[a>0, ReB>0, Fy(z)= Fi(2) =2+2,...,F,(2) = (z+2n)Fy_1(2) — 2F),_1(2)]
GW (333)(66¢)
> zsin(ax) dx
4. /0 02+ 22) = 16b3 (1 + ab)e” [a>0, b>0] BI(170)(5), ET 1 67(35)a
5 /oo”m az) dz _ (3+ 3ab + a2b?) e~ [@a>0, b>0] BI(170)(6), ET | 67(35)
' o (02 +a2)! 96b5 ’ ' 2
*  23sinaz e~ 1
° /0 (22 + 32)" T 22nn|52n 3 [2 (2n = 3)!(2 = fa)
(2n — k — 2)12*(Ba)*~ 2 2
_Z Ao [k(k+1)—2(kz+1)ﬂa+6a]
3.738
<™= Lsin(ax) agm—2n & . (2k—Dr
1. /0 de: — m I;exp |:—aﬁ81n T]
< cos { (2k — 1)mm 4 afcos (2k — 1)7r}
2n 2n
[m is even] , {a >0, |argf| < %, 0<m< Zn} ET 167(38)
< g™~ cos(ax) n@3mn & . (2k=1)m
2. = — e a7
/0 220y g dx o ; exp |—afsin o
« sin { (2k — )mm 4 afcos (2k — 1)7r}
2n 2n

[m is odd], [a >0, largf| < % 0<m<2n+ 1} BI(160)(29)a, ET | 10(29)
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3.739

] /°° sin(ax) dzx
' o x(xz?2+22)(x2+42)...

(22 4 4n?)
_o(
|22n+1
5 /°° cos(ax) dx
' o (@2+12)(22432)... [22+ (2n+1)?
(D"
L
(2n + 1)l 22nH1 kZ:O
,/T272n71

T @2n+1) ()

° xsin(azx) dx
> /0 (224 12) (22 + 32) ... [2?

+ (2n +1)?]
m(=1)"

= (ot i 2

cos ax dr

20
a>

-1

e )|

n > 0] LI(174)(8)

2”]:— 1>e(2k2n1)a [(l >0, n> O]
[a=0, n>0
BI(175)(8)

2 1
l)k( n]:r >(2n 2k 4 1)e(2k—2n—1)a

LI (174)(9)

o m2t=m & 2n \ _og
1 /0 (z2+22)(12+42)...(x2+4n2): (2n)! 2(_1)}%(71]6)6 '

3.741
0 2 . 2
L / sin(ax) sin(bx) dp — lln (a + b)
0 x 4 a—b
5. / sin(ax) cos(bx) dee T
0 x 2
T
4
=0

€T =

3. /°° sin(ax) sin(bx) dee T
O 1’

[a>0, b>0, a#}] FI 1l 647

[a>b>0]
[a=b>0]

[b>a>0]
FI 11 645

[0 <a<b

[0<b<al
BI (157)(1)
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3.742
Tsin(ar)sin(bz) )T Jabls _ ~(atb)s
1. /0 g dm74ﬁ(6 bB _ g—(atb ) [a>0, b>0, Ref >0
= %e‘“ﬁ sinh b >0, a>b2>0]
= %e_bﬁ sinh a3 >0, b>a>0]
BI(162)(1)a, GW(333)(71a)
“sin(ax) cos(bx) L - —b8 5
9. /0 % 7= 15 ALt Ei[B(a —b)] + e PP Ei[B(a +b)]}
~ 15 P B = Bla+ D]+ B 30— o))}
BI (162)(3)
Fcos(az)cos(bx) W [ _jay ~(a+b)
3. /0 de_ﬁ{e bIB 4 ¢ 'H’ﬂ] [a>0, b>0, Rep>0]
= %e*‘lﬁ cosh bf3 >0, a>b>0]
= %e‘bﬂ cosh af3 >0, b>a>0
BI(163)(1)a, GW(333)(71c)
o [Ty, —3 (B flos D]+ R0 - )
L MBI B )]+ B B0 D)} o)
= o0 [a=1b]
BI (163)(2)
0o : b .
5. /O %)C;;(x) da = ge 8 cosh(b3) 0<b<a
= %e”aﬁ [0 <b=aq]
= —%e‘w sinh(af) [0 <a<b
BI (162)(4)
6. /OOOSin(Zf)_—Si;(M) de = —% cos(ap) sin(bp) [a>b>0]
= T sn(oap) la=b>0)
= —% sin(ap) cos(bp) [b>a>0]
BI (166)(1)
*sin(ax) cos(bx) T
7. /0 pQ——xQx de= 5 cos(ap) cos(bp) [a>b>0]
= —Z cos(2ap) [a=0b>0]
= gsin(ap) sin(bp) [b>a>0]

Bl (166)(2)
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8. / cos(ax)cos(bz)d v
0

P x= W sin(ap) cos(bp)

= % sin(2ap)

= % cos(ap) sin(bp)

dz 7w sinh(af)

) -
) 22+ 52 23 sinh(bB)
/°° sin(az) xdr 7w sinh(af)
0 )

(bz) 22+ 32 2 cosh(b3)

/°° cos(ar) wdx _ m cosh(ap)
o sin(
(
(

br) 22432 2 sinh(bB)

4 > cos(ax) de ~ m cosh(af)

' /0 cos(bz) 22+ 32 2B cosh(bg)
(

s dx
6 p sin(az) _
g V/O sinz  b? — a2 0
= % sin(a — 1)b
37443 /°° sin(ax) dx _m sinh(aB)
o cos(br) x(x2+ (%) 262 cosh(bp)
s dx
37457 sin(ax) _
/0 cos(br) x(c®— a?) 0

n
* dx

(oo}

22k71 -1
m 2 P 1 2k)

*°sin(ax) o i T 1
2. /0 e dmkl;[lsm (akx)j[[lcos (bjx) = 5 kl;[lak

w/2 /2 (T _
2. / zdz :/ MZQG
0

o sinz coszT

5 /°° xdz B ™
' o (22 +0b?)sin(az)  2sinh(ab)

4. / ztanzdr = —mwln?2
0

[a>b>0]
[a=10b>0]

[b>a>0]

0<a<b,
0<a<b,
0<a<b,

0<a<b,

if0<a<1

if1<a<?2

Re 3 > 0]
Ref > 0]
Re 3 > 0]

Re 3 > 0]

[b real, b/m & 7]

[0<a<b,

[0<a<b,

k=1

Re 8 > 0]

¢ > 0]

n
a0>Zak, aip >0

a>> lal+ Y bj]
k=1 =1

Cok)| =26~ Le3)

BI (166)(3)

ET 1 80(21)

ET I 81(30)

ET 1 23(37)

ET 1 23(36)

ET | 82(32)

ET | 82(31)

FI 1l 646

WH

LI (206)(2)

BI(204)(18), BI(206)(1), GW/(333)(32)

[b > 0]

GW (333)(79¢)

BI (218)(4)
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w/2
o. / rtanx dr = oo BI (205)(2)
0
7T/4 T 1
6. / rtanzxdr = -3 In2+ 3 G = 0.1857845358.. .. BI (204)(1)
0
w/2 -
7. / rzcotzdr = —1n2 FI 11 623
0
7T/4 T 1
8. / xcotxdr = 3 In2+ 3 G = 0.7301810584.. .. Bl (204)(2)
0
™2 1 (M/xw T
9. (f - x) tanz de = = (f - a:) tanz dz = = In2 GW(333)(33b), BI(218)(12)
o \2 2/, \2 2
10. / tan ar— = g [a > 0] LO V 279(5)
0
/2 t
11. / T e = T2 BI (206)(12)
o cos2x 4

3.748
m/4 T\ m > 4k -1 C(Qk)
_) 3 i )

m 1
" tanx dr = 3 (4 FT (1 + 2)

S~

k=1
/2

S~

/4

©
S~

3.749
L /Ooxtan(a:c) dx _ .«
0 x? 4+ b2 e2ab 41
) /°° x cot(ax) dx _ 7
: 22 + b2 o2ab _ |
3 /‘X’xtan(ax) dr /"oxcot(ax) dr /°°
' 0 b2 — 2 0 b? — 2 0

b (MY Ly L
x cotxdx—(Q) (p 2;4k(p+2k) C(Qk))

. Clymm 2 & C(2k)
* COtxdx_z(zl) <m ;4Qk—1(m+2k)

x cosec(ax) dx
b2 _ 42

[a >0,

[a >0,

= o0

LI (204)(5)

LI (205)(7)

LI (204)(6)

b> 0] GW (333)(79a)

b> 0] GW (333)(79b)

BI (161)(7, 8, 9)

3.75 Combinations of trigonometric and algebraic functions

3.751
1. Sl\n/;i_dx = 2% [cos(aﬂ) —sin(af) +2C (\/@) sin(af) — 28 (J@) cos(aﬂ)}
[a >0, J|argfl| <] ET I 65(12)a
Co\j;iidx = % [cos(aﬁ) +sin(af) —2C (\/@) cos(af) — 28 (\/@) sin(aﬁ)]

[a >0,

larg B| < 7] ET 1 8(9)a
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3. / ,/ [sin(au) + cos(au)] [a>0, u>0] ET 1 65(13)
4. / = 1/ [cos(au) — sin(au)] [@a>0, u>0] ET 1 8(10)

3.752

k,2k+1
8 2 _ ( 1) _ K
1. /0 sin(az)V1 — 22 dx = Z (2k: DUk 30 ~ 2a Hi(a)
[a > 0] Bl (149)(6)
2. / cos(ax)V1—a?dr = % J1(a) KU 65(6)a
0
3.753
1 0 k q2k+1
dz ™
1.8 / sin(az) = ZHy(a a>0 BI (149)(9
e ,;O%H” " Ho(o) a>0] (149)(9)
1
2. / costaz)dz _ 7 ;0 WA 30(7)a
0 1— 22 2
o0
3. / sin(az) d —_ Jo(a) [a > 0] WA 200(14)
1 ;v2 -1 2
4. / cos(ar) 4o = _T yo(a) WA 200(15)
1 | 2
L sin(az) ™
5. / dx = = Ji(a) [a > 0] WA 30(6)
0 1—22 2
3.754
1. / sinen)dz T as) - Lo(af)] [a>0, RefB> 0 ET | 66(26)
0 B2+ 22 2
) / COS/’;;“) Y Ko(a) [@>0, ReB> 0]
0 +z
WA 191(1), GW(333)(78a)
xsin(ax)
3 / dz = a Ko(aB) [a>0, Ref>0] ET 1 66(27)
O @B+ a2y
3.755
oo x? 4+ (32 — Bsin(ax) dz o
1. =4/—e% a>0 ET 1 66(31
/ — u fa> 0] (31)
, /oo z2 + (32 + B cos(ax) dx T _ag >0, Ref> 0] ET 1 10(25)
. =4/—e° a >0, el > 5
0 Va2 + 32 2a
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3.756
®sin(azr) 1 . -
1. /0 # H sin (agz) de =0 [ak >0, a> Zakl ET 1 80(22)
k=2 k=2
2. / 2 cos(ax) H cos (agx) de =0 [ak >0, a> Zakl ET 1 22(26)
0 k=1 k=1
3.757
Y . O 0 BI (177)(1
| e 0> 0] 7))
g [Teostan) T >0 BI (177)(2
| a > 0] am7)e)
3.76-3.77 Combinations of trigonometric functions and powers
3.761
1 )
L. / et sin(ax) de = 2—; [1F1(ps p+ 1yia) — 1 F1 (s p+ 15 —ia)]
0
[a>0, Rep>-1, p#0
ET 168(2)a
2.8 / M sina dr = % [e*%i“ D(p,iu) —e2 ™" T(p, —iu)]
[Rep < 1] EH 11 149(2)
*sin(ax) a2t [ 2n—k—1) | 7 "
3 /1 e = ; e Lsin (a4 (k= 1))+ (-1)"ci(a)
[a > 0] LI (203)(15)
4. /0 oM sin(az) dx = CEfj) sin % = % [a>0; 0<|Rep|<1]
FI 11 809a, BI(150)(1)
™ n+1 Lm/2]
10 m _ (_1) + k m! m—2k
_(_I)Lm/ZJ m! Lm - QL%J - 1J
nm—i—l
GW(333)(6)
1
6.% / et~ cos(ax) du = oM [1F1(pp+ Lyia) + 1 F1 (s p+ 15 —ia)]
0
[a >0, Rep>0] ET 111(2)
> Lo _x; v
7. / oM cosxdr = 3 [e” 2" T (p, iu)s + €2 T'(p, —iu)]

[Rep < 1]

EH 11 149(1)
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* cos(ax a2 [N (on — k) -
8. [ xg,g_._l) dx = (271)' |J; (a22n—k—]0€—3' CcOos ((l + (k — 1)5) + (_1)n+1 Cl(a)‘|

[a > 0] LI (203)(16)
< T(p)  pm 7 cosec K
9.8 /0 x? lcos(ax)d:rzwcos?:m [a>0, 0<Rep<I]
FI 11 809a, BI(150)(2)
™ (_1)1’L L(T?L—l)/QJ m'
m _ k . m—2k—1
10. A xT COS(TL%) dr = nm+1 ];) (—1) m(n’ﬂ')
2 +1)/2] —
Feptmenyz A D2 mm
n
GW (333)(7)
/2 lm/2] ! m—2k
- _ k™ E _1)lm/2] m_ !
11. /0 ™ cosx dz I;O( 1) (m—2k)!(2) + (-1 (2[2J m)m.
GW (333)(9¢)
2nm m—1 ]' m ) ]"’ 1
12. /0 " coskxdr = — j;) R (j )(2n77)m_] cos T BI (226)(2)

3.762

> 1 —
1. / 2"~ sin(ax) sin(bx) dz = 5 cos % IN(D) [|b —a|™" = (b+ a)_“}
0

[a>0, b>0, a#b —-2<Rep<l]
(for p =0, see 3.741 1, for u = —1, see 3.741 3)
BI(149)(7), ET | 321(40)

2. / z 1 sin(ax) cos(bx) dx = % sin '%T IN(T) [(a +b)"* +|a — b " sign(a — b)}
0
[a>0, >0, [Rep|<1] (for =0 see 3.741 2) BI(159)(8)a, ET | 321(41)
o 1 —
3. / z" =1 cos(ax) cos(bx) dx = 5 cos % T(w) {(a +b)7* +]a—1? “}
0
[@a>0, b>0, 0<Rep<l]
ET 120(17)
3.763
0o s : . 1 B
1. / sin(az) su;(j)x) sin(cz) dr = 7 608 % ra-v) {(C +a—b)""=(c+a+b)r?
0

—le—a+0b)""sign(a—b—c)+ |c—a—b" 'sign(a+b— c)}
[c>0, O0<Rev<4, v#1,23, a>b>0] GW(333)(26a)a, ET | 79(13)
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oo (b i
2. / sin(az) smi z) sinfex) dxr=0 [c<a—band c>a+b
0
:% [c=a—band ¢c=a+D
:% [a—b<c<a+?]
[a>b>0, c¢>0] FI Il 645
oo (b i 1
3. / sin(az) 511;(2 z) sin(cz) x= Z(C +a+b)In(c+a+b)
0
1 1
—Z(c+a—b)ln(c—|—a—b)— Z|c—a—b|ln|c—a—b\
1
x sign(a +b—c¢) + Z|c—a+b|ln|c—a—|—b|sign(a—b—c)
[a>b>0, c¢>0] BI(157)(8)a, ET I 79(11)
o in(bae) si b
4. / sin(az) 51n(3:r) sin(er) dx = %C 0<ec<a—bandc>a+b
0 x
b b )2
_me T I bce<aty
[a>b>0, c¢>0] BI(157)(20), ET I 79(12)
3.764
1. / 2P sin(az + b) dx = sy I'(1+ p) cos (b + %) [a>0, —1<p<0] GW (333)(30a)
0
T L - ™
2. /0 aP cos(ax + b) dx = s (1 —|—p)sm(b+ 5 )
[a>0, —1<p<0] GW (333)(30b)
3.765 )
110 / sin ax d
o /(z+b) ’
3 1
=a'™bcos % D(—1—-v)1Fs ( 1+ % 5 + Z —Za2b2> sign(a)
in(ab 1
—WCOSGC(ZZ) sin(ab) _ a’"T(—v) 1F2 < 2; —Zasz) sign(a) sin%
[Ima =0, —1<Reb<2 argb #m| MC
 cos(ax) rt—-v),, . _ )
2. / dx = P (v,iaB) + e P T (v, —iaf
[a>0, |Rev|<1, |argf| <]
ET 11 221(52)
3.766
o0 H—l .
110 / '™ sinaz
o 1+ 22
= —a®"T( )1F2 | 1; Sopdop a_2 si n(a)sinM—i—EsecMsinh(a)
- 1172 ) 9 ) 9 ’ 4 g 9 9 9
ma=0, —-1<Rep<3 MC
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xH~ 1 cos(ax)
1+ 2?2

2
0

dr =

il cosec ] cosha
2 2

45 08 B D40) fexp [ a4 im(L — 0] 71 — 1, —a) — " A(1 — p,0)}

2
[a>0, 0<Rep<3 ET 1 319(24)
00 .2pu4+1 o3 d
3.9 /0 % = —%bj“ se)zc(,mr) sinh(ab)
sin(pm
s D@ [T P11 = 25ab) + 1 Fy <1 1— 2u; —ab)]
[a>0, —3<Rep<i] ETIN220(39)
>0 g2t d 1
4.9 /O % = _%bQ(‘”%) cosec Ku + 5) 7| cosh(ab)
cos [(,u + %) ﬂ 1 1
——=—1T|2 — 1;1 -2 —);ab
2a2(i 5 mEg ) HEg)ie
1
+ 1F1 <1§1—2 <M+§> §—Gb>}
l[a>0, —1<Rep<gz| ETII221(56)
3.767
co 2P~ sin ax 5{) -
1. / de = —=~P2e"07 [a>0, Rey>0, 0<Ref <2
0 v2 + x2 2
BI (160)(20)
ooCE’@COS ax 62”) T s
2. /O 2 dx:EV e~ [a>0, Rey>0, |Ref|<1]
BI (160)(21)
co 2P~ sin ax Ly
3. / 72 2)dx:gb5_2008<ab—%ﬁ> [a>0, b>0, 0<Ref <2
0 _
BI (161)(11)
o 2" cos ax ﬂ”)
4. /O o 2 dx:fgbﬁflsm (m%) [a>0, b>0, |8 <1]
GW (333)(82)
3.768
e r
1. / (z —u)* tsin(ax) dr = (;u) sin (au + %) [a>0, 0<Rep<I] ET 11 203(19)
u a/L
2. / (x —u)*~ ! cos(ax) dx = @ cos (au + M;) [a>0, 0<Rep<I] ET 11 204(24)
u aL
1
u 1 I'(v+1 »
3.1 /0 (1 —z)"sin(az) dz = i % Cyla) =a"V"1/? Su41/2,1/2(@)
[a >0, Rev>-1] ET I111(3)a
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4.3

10.

Here C,(a) is the Young’s function given by:

1
3a” . 1)"a v+2n
OV(G):if{lFl(l,V‘i’l,Zd)ﬁ* 1F1(171/+1’7 I-‘V—i)_Q/n—‘r)

/01(1 — z)¥ cos(ax) dx = %a*"*l {exp B(mr - 2a)] v (v +1,—ia)
- o[- Som - 20)] 4 1.0
1

=T+ )27(—a )
n=0

I'(v+2+2n)
[a>0, Rev> -] ET I111(3)a
u u,u+l/—1
/0 2w — ) sin(ax) dr = 57 B(u,v) [ 1F1(v; u+ vyiau) — 1F1 (v p+ v; —iau)]
[a>0, Rep>0, Rev>-1, v#0] ETII 189(26)
Yo 1 ut vl
/ ' (u—x)* " cos(ax) dx = 5 B(u,v) [ 1F1(v;u+viiau) + 1 F1 (v; b+ v; —iau)]
0
[a>0, Repu>0, Rev>0|
ET 11 189(32)
U w1y el _ E n=1/2 % %
/0 2" (u—2)" sin(az) dz = /7 (a) sin C(p) J 12 ( 5 )
[Rep > 0] ET Il 189(25)
/ oz — u)* Lsin(az) de
T fu\r1/2 au au
=5 (&) T feos G e (F) min T v (5]
[a>0 0<Rep< } ET 11 203(20)
p—1
/0 P (R L 1cos(aw)dm=ﬁ(%) 2005—1" %( )
[Re > 0] ET 11 189(31)
o0 1
H— 1 u 1 — _ﬁ u iz auy au
/ x cos(ax) dx 5 (a) I'(p) {sm J1, ( 5 ) Y;jL ( 5 )]
[a>0, 0<Rep<gz]  ET Il 204(25)
1 .
/ 21— z)” 1Sin<a.’)’;)dl‘=—%B(M,U>[1F1(V;Z/+M;ia)— 1F1 (v v + p; —ia)]
0

[Repp >0, Rev>-1, v#0)
ET 168 (5)a, ET | 317(5)

1
1
/ 2711 — )"t cos(ax) dx = 5 B(u,v) [ 1F1(v;v + pyia) + 1F1 (viv + p; —ia))
0

[Rep >0, Rev > 0] ET I 11(5)
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1
13. /0 2*(1 — z)* sin(2az) do = (2;;71% L(p+1)J,,1(a)sina
[a>0, Rep>—1] ET 1 68(4)
1
14. /O 2" (1 — x)" cos(2ax) dr = (2;)/:1; P(p+1)J,41(a)cosa
[a>0, Rep>-1] ET I 11(4)
3.769
oo - v—1_—af
1. /0 (B +iz)™" — (8 —iz) "] sin(az) do = _maI‘(zj
[a>0, Ref>0, Rev>0]
ET 1 70(15)
&S] v—1_,—af3
2. /0 (8 +iz)™" + (B —iz) "] cos(az) do = %

[a>0, ReB>0, Rev>0]

ET 1 13(19)
3. /Oooa: [(B+iz)™" + (B —iz) "] sin(ax) dz = —ﬂ-aVQ(;(;)l — ab) e
[a>0, Ref>0, Rev>0]
ET 1 70(16)
4. /Ooa:Q” (8 —iz)™" — (B +iz) "] sin(az) do = (;zi;li(Zn)!ﬂaVQ”le“ﬁ Ly (aB)
’ [a>0, Ref>0, 0<2n<Rev|
ET 1 70(17)

5. /Ooa:m (8 +iz)™" + (B —iz) "] cos(az) do = (D" (2n)\ma? 2= te=aP [E—2n1 (o)
0

[a>0, Ref>0, 0<2n<Rev|
ET 1 13(20)

(-1

6. /OOZZ”H {(ﬂ +iz) "+ (08— z‘x)ﬂ'] sin(az) dr = (2n + 1)lma? 22798 L;;fff*z(aﬂ)

0 I'(v)
[a>0, Ref >0, —1<2n+1<Rev| ETI70(18)

_1)n+1

7. /Ooon"H {(B +ix)™V = (8- ix)_y} cos(azx) dx = (Gt ) (2n + 1)lma” 2" 2e P L5 2172 (a3)

[a>0, Re>0, 0<2n<Rev-—1] ETI113(21)

3.771
1. /Ooo (82 + :[:2)”‘% sin(az) do = g <2aﬁ) r <u + ;) [1_v(aB) — Ly (ap)]

[a>0, ReB>0, Rev<1i #—1,-3,-5..] EHII38a ET168(6)
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* v—1 1 [(28\" 1
2. /0 (B> +2%)" 2 cos(ax) dx = NG (?) cos(mv) T (V + 5) K_,(aB)
1
{a> 0, Ref >0, Rerv< 5]
WA 191(1)a, GW(333)(78)a
3. / g (u? - xQ)N_l sin(ax) dzx
0
_ @ 2ut2v-1 1 1 § 1 7a2u2
—2U B</L,l/+2> 1F2(I/+2,27[L+V+2, 4
[Rep >0, Rev>—3]  ETII189(29)
u _ 1 1 2,2
4. / T (TR xQ)# ' cos(az)dr = §u2“+2”_2 B(u,v) 1F2 (1/; 5ok + v _a4u >
0
[Repp >0, Rev >0 ET Il 190(35)
o vl 1 (28" 1
5.7 /O T (IQ + 62) : sin(ax) de = ﬁﬁ <f> cosvm I’ (l/ + 2) K,+1(ap)
28\" 1
= Fy - K,
ﬁﬁ<a> F(%—l/) +1(aﬂ)
[a>0, Ref#>0, Rev<O0] ETI69(11)
vy -1 7 (2u\"
6. (u® — z%) sin(az) dx = S5 I'(v+ =) H,(au)
0
[a>0, u >0, Reu>—%]
ET 1 69(7), WA 358(1)a
o L1 2 v 1
7. / (z* —u?) : sin(ax) dx = 777 (%) r (1/ + 5) J_,(au)
[a>0, u>0, [Rev|< 3]
EH 11 81(12)a, ET 1 69(8), WA 187(3)a
u . 9 v
8. / (u® — 2?) : cos(az) dr = 777 (?u) r ( + —) Jy(au)
0
[a>0, u > 0, Rel/>—%]
ET I 11(8)
[e’e} s 1 2 v 1
9. / (2* —u?) : cos(az)dx = —g (g) r (1/ + 5) Y_,(au)
[a>0, u>0, [Rev|< 3]
WA 187(4)a, EH 11 82(13)a, ET I 11(9)
u 1 2 v 1
10. / z (u® — z°) : sin(az) dx = ?u (_u) r (l/ + 5) J 41 (au)
0

[a>0, u > 0, Rel/>—%]
ET 169(9)
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1. /:ox (22 — )" "% sin(az) do = Lou (2—“>r (u + 1) Y 01 (aw)

[a>0, u>0, —%<Rev <0
ET 1 69(10)

” L1 v+1
12.7 /0 T (u2 - x2) * cos(az) dz = T Tar S(w-1yw+1(au)

-1 v
1 1 i1 VT (2u 1
=5 (y—|— 2) u 5 Ul ' v+ 5 H,i(au)

[a>0, u>0, Rev>-1i] ETI12(10)

13. / z (z® — uz)lHl/2 cos(azx) dz @ (2_u> r ( + L
u a

5 J_y_1(au)
a>0, u>0, 0<Rev<gz] ETI12(11)

3.772

1. / (2 + Qﬂx)y_1/2 sin(az) dx = g
0

(iﬁ) r (V * ;) [J - (aB) cos(af) + Y -, (aB) sin(af)]
[a>0, l|argB|<m, %>Rev>-2] ETI69(12)

2. /000 (2* + 2pz) vz cos(ax) dz
= () 1 (04 5) 17-(08) csfad) = J-s(a) sin(as)
[

a>0, |Rey|< 3] ET 112(13)

3. /0 " ur — 2)" 2 sin(ax) do — v (2—“) T (u + %) sin(au) Jo (av)
[

a
a>0, u>0, Reu>—%]
ET 1 69(13)a
4. /00 (2 — 2ux) vl sin(ax) dr = vr (%)V r (V + 1) [J_(au) cos(au) — Y _, (au) sin(au)]
2u 2 a 2

[a>0, u>0, |Rev|<i] ETI70(14)

(i“)ur <1/ + ;) J,, (au) cos(au)

[a>0, u > 0, Reu>—%]
ET | 12(4)

5

2u
5. / (2uz — zz)y_l/Q cos(ax) dx =
0

6. / (z® — 2ux)y71/2 cos(ax) dx
2

u

s (2_u>y r (y + %) [J_,(au)sin(au) + Y _, (au) cos(au)]

[a>0, u>0, [Rev|<3| ETI12(12)
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3.773
s [T i)
1. / ————sin(ax) dx
o (a2 462"
2.2
ﬁz” MaBA+v,u—v) 1Fa|v+1; V—i—l—p,g, Fa
2 4
\/_a2/,1, 2v+1 F(I/*ILL) 3 52(12
1; p— == 1
Ap—v+1 F(/L—l/—l—%) 1P\ p+15p I/+2,,U, v+ 1L 4
VT gv=2u-1 ;21 @B | v+ 3
2T(p+1) B4 lp—v+3.3.0
[a>0, Ref>0, —1<Rev<Rep+1] ETI71(28)a, ET Il 234(17)
28 /mx2m+1sin(ax) . (_1)n+m zd—n(zme_a z)
. o (z+a2)"! ol 2 dzn
[a>0, 0<m<mn, largz| <]
ET 1 68(39)
oo 2m—+1 o3 _1\ym+1 2m—+1
3, / x Sln(aﬁ)ldl' _ ( 1) \/El d2m+1 [ "Kn(aﬂ)]
0 (B2+a2)"F2 204"T (n+ 1) da
[a>0, Ref>0, —1<m<n)]
ET 1 67(37)
22 cos(azx)dr 1 1 1 1 11 B%a?
4. It Sete/ et 2V—2u—1B - o - T, - .
/0 (22 4 g2y Qﬁ <1/+2,,u 1/—1—2) 1F2<1/+2,I/ LL+272, 1 )
\/7_TCL2# 2v+11"(l/_ _%) 3 ﬁQaQ
Lp—vtly—v+s
T T MM TR LSy
_ VT B2v=2n-1 ;21 a’B® | ~v+3
20(p+1) B4 lp-v+d03

[a>0, Re>0, —i<Rev<Repu+1] ETI14(29)a, ET Il 235(19)

0 ,.2m n 1
5 / x*™ cos(azx) dx _ (<1)ymn ™ d (zm_ie_“\/z)
0

(Z + $2)n+1 2.n! dZn
[@>0, n+1>m>0, largz| <7
ET 1 10(28)
22" cos(ax) dx 1)y e
6.7 / ( )l = =) \/_1 : 2m{anK”(aﬂ)}
0 (82 +a22)"t3 24"T (n+ %) da
[a>0, Ref>0, 0<m<n+3]
ET | 14(28)
3.774
L sin(az) dx ™ sin 2° I,(ab) + %Ju(iflb) - %JV(—iab)

0 Va1 b2 (z+ m) W sin(v) 2
[a>0, b>0, Rev>—1]
ET 1 70(19)
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o cos(ar) dx T [1 ) 1 ) v ]
2. - = . —J,(iab) + = J,(—iab) — cos — I, (ab
) VIR (o1 VTR e |27 Ty dv(ied) y vt
[a>0, b>0, Rev>-1]
ET 1 12(15)
oo (x4 /22 + (2 ’
3. / ( ) sin(az) dx = ,/EB”I;_K <%> Ki, v (ﬁ)
0 T ({,C2 + ﬁ2) 2 172 2 17T732 2
[a>0, ReB>0, Rev<3]
ET 1 71(23)
oo (/22 + ﬂQ - Y
4. / ( ) cos(ax) dx = ﬂﬁ” I 1,v <%> K_1_y (@>
0 T ({,CQ + ﬁ2) 2 4T3 2 1732 2

[a>0, Ref >0, Rev> —%]

ET I 12(17)
o (0+ V2 RE) o
A vy S CLEE oo (5) Waaen gy
[a>0, ReB>0, Rev< 3]
ET I 71(27)
° /Oo(m%mY () de = — F(1_5>W @) M (af)
' o e B rar T ke \a T 2) i g e
[a>0, ReB >0, Rev<i]
ET 1 12(18)
3.775

x2—|—ﬁ2+x)

()’

Co

N

sin(azx) dz = 20" sin %r K,(aB)

[a>0, Rep >0, |Rev|<1l]
ET 1 70(20)

) /oo( x2+ﬁ2+x)y+<\/m—x)y
. 0

=T 7 cos(ax) dx = 23" cos I%T K, (aB)
[a>0, Rep >0, |Rev|<1l]
ET 1 13(22)

N /oo (e + V2 =) + (z - VE—a®)"

sin(ax) dr = Tu” [J,,(au) cos % — Y, (au)sin %}

Vo —
[a>0, u>0, |Rer|<1]
ET | 70(22)
£ 20 4 (- 2 _.2)\"
L / (m+\/a: u) _ (332 x U) cos(az) dx = —mu” {yu(au)cos%r—kjl,(au)sin I%T]
w 2 —u

[a>0, u>0, |Rey|<l]
ET I 13(25)
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(e 4 iva? — 22) + (2 — iva? — 22)°
5. / (z+ivu? —a?) + (2 —ivu? —a?) sin(az) dr = T cosec 22 [T, (au) — T _, (au)]
0 u? — x2 2 2
[a>0, u>0] ET 1 70(21)
e+ ivuE—22) + (2 —ivu? —2?)”
6. / ( ) +( ) cos(ax) dx = T sec 2 [Jo(au) + J_, (au)]
0 u? — x2 2 2
[a>0, u>0, |Rey|<1]
ET | 13(24)
© (r+ V22 —u2) + (z — V22 — u2)”
7.6 / (x4 Vel —u?) + (@ Va2 —u?) sin(az) dz
u x (22 —u?)

8.5 /°°

11. /OQU(

)

{J1/4+u/2< ) Yia_ 1//2( ) + J1/4- u/2< ) Yi/a402 (a;)}

($+\/m)y+ (z — Va2 —uQ)V
x (2?2 —u?)

cos(ax) dx

[a>0, u >0, \Rey|<§] ET 1 71(25)

= - (g)Bauy [J 1/4+v/2 ( 5 ) Y 14— 1//2( ) +J 14 u/z( ) Y _1/a40)2 (au)}

Va?+ 20z

oo(x+ﬁ+\/W)V+

[a>0 u >0, \Reu|<] ET 1 13(26)

oo<x+,6’+\/m>y+(x+ﬁ—\/m>u

sin(ax) dzx

= [¥o(Bsin (B0 = 52) + 7, (30) cos (50— )

\x? 428z

[a>0, largB|<m,, |Rev|<1] ETI71(26)

(¢4 5 vam+2mm)

cos(ax) dx

= 8" [Ju(Ba)sin (Ba— 5] = ¥, (Ba) con (- )]

\/2u+x—|—i\/2u—x)4u +

(\/2u—|—m —i\/2u — )

[a>0, JargB| <m, |Rev|<1] ETI13(23)

4v

“a?(b+2)?+p(p+1)

(b+ x)pt2

*a*(b+x)* +plp+1)

(b+ x)pt2

Vauly — a3

sin(az) dx =

cos(ax) dx =

cos(ax) dzx

a
= (4u)2”7r3/2\/; Jy—1/a(au) J _y_1/4(au)

[@a>0, u>0] ET I 14(27)
[a>0, b>0, p>0 BI (170)(1)
[a>0, b>0, p>0 BI (170)(2)
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3.78-3.81 Rational functions of = and of trigonometric functions

3.781
> /si 1 d
1. / (Smx - ) Y _1-¢ (cf. 3.784 4 and 3.7812)  BI (173)(7)
0 T 1+z) =z
> 1 d
2. / (cosa: — ) Y _ ¢ Bl (173)(8)
0 1+z/) z
3.782
ul _
1. / OST g / Cozx dz = C+Inu [u> 0] GW (333)(31)
0 u
o0 1 _
2. / ST eosar g, 9t [a > 0] BI (158)(1)
0 2
11— sin ab
3. / ;(ib:x x = ﬂ% [a>0, breal, b#0] ET Il 253(48)
3.783
> Tcosx —1 1 de 1 3
L “@r_ oo BI (173)(19
/0 { 2(1+x)} z 2 1 (173)(19)
i 1 dz
2. cosr——— | —=-C EH I 17, BI(273)(21)
0 142 x
3.784
e - b b
1. / cosar — COSPT 1y — In - [a>0, b>0]  Fll 635 GW(333)(20)
0
OOasmb:c—bsmcm: a
2. / dx :ablng [a>0, b>0] FI 1l 647
0
*° cos ax — cos bx (b—a)m
3. e dr = [a>0, b>0] BI(158)(12), FI Il 645
0
4. / ST T LCOST 4y BI (158)(3)
0
*° cos ax — cos bx 170 . ) . ) ) ) b
5. dx = = | ci(af) cosaf + si(af) sinaf — ci(bf) cosbf — si(b3) sinbf + In —
0 BECEO B a
[a>0, b>0, |argfl|<m]| ET Il 221(49)
*cosax + zsinax —a
6. /0 SR a— x = e [a > 0] GW (333)(73)
7. / sinaz — az cos ax dxr = %a2 signa LI (158)(5)
0
g /°° cos ax — cos bx T [(b—a)3+ e —eP]
) 2@ T 258

[a>0, b>0, Jargfl| <]
BI(173)(20)a, ET Il 222(59)
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9.10 / COSmE i e~msinusinhé (oo5 8sin u cosh ¢ + sin 3 cos u sinh
) TE @ TaE) i (cos #-+eing 2
[u=(2k—-1)7/(2n), ¢ =arcsinh(l/a), B =mcosucoshep, 0< |a|<]]
ool n n n
3.785 /0 ;Zakcosbkxdx:—z:aklnbk [bk>0, Zak201 FI 1l 649
k=1 k=1 k=1
3.786
(1 = cos ax) sin bx b b?>—a®> a, a+b
1. der = =1 =1
/0 2 T T * 2 a-b
[a>0, b>0] ET I 81(29)
0 (1 _ 2_p2
9.1 / (1—cosax)cosbr , -, Vl]e* — b [@>0, b>0, a#b FI Il 647
0 x b
(1 — b
311 / (1~ cosarjeosbr ;T _p) la<b<0]
0 x 2
=0 [0 <a<b
ET 1 20(16)
3.787
1 / (cosa — cosnax) sinmax P (cosa— 1) m > na > 0]
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